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Preface 

A Brief History of the Contests 

Overview 

The contests from which the problems in this book were drawn are direct de- 
scendants of one created in 1950 by the Metropolitan New York Section of the 
Mathematical Association of America (MAA). Originally given only to stu- 
dents in the New York City area, the contests were first offered nationally in 
1957 under the sponsorship of the MAA and the Society of Actuaries. The pri- 
mary objective of the contests was, and still is, to promote the study of mathe- 
matics by providing high school students with a positive experience in creative 
problem solving. A secondary objective of identifying mathematically talented 
students was introduced in 1972, when about 100 top scorers were invited to 
participate in the USA Mathematical Olympiad (USAMO), an extremely chal- 
lenging proof-oriented contest. 

The 1950 contest was entitled simply, “Mathematical Contest.” The word 
“Annual” was added to the name in 1953. The solution booklet from 1959 is 
titled, “Annual H.S. Mathematics Examination.” Between 1959 and 1982 the 
titles of the contest and solution booklets used either “Contest” or “Examina- 
tion,” the latter appearing more frequently in the later years. The words “High 
School” or the initials H.S. were sometimes, but not always, included in the 
title. In 1983 the contest officially became the American High School Mathe- 
matics Examination (AHSME). In the same year a third contest, the American 
Invitational Mathematics Examination (AIME), was introduced as a stepping 
stone between the AHSME and the USAMO. Computational in nature, but 
requiring more creativity than the AHSME, the AIME was deemed a more 
reliable vehicle for identifying suitable USAMO participants. Two years later 
a contest for middle school students was created. The American Junior High 
School Mathematics Examination (AJHSME) was modeled after the AHSME. 
Shortly thereafter, the entire program of contests became known as the Amer- 
ican Mathematics Competitions (AMC). 
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For reasons that will be mentioned later, it was decided to create a new 
contest in 2000, limited to students in grades 10 and below. At that time the 
AHSME and AJHSME were renamed the AMC 12 and AMC 8, respectively, 
and the new contest was called the AMC 10. 

There was some discussion within the Committee on American Mathemat- 
ics Competitions (CAMC) about whether top scorers on the AMC 10 should 
be invited to take the AIME. The argument on one side was that lOth-graders 
bright enough to qualify for the AIME should be taking the AMC 12. The op- 
posing argument was that a lOth-grader whose previously undiscovered talent 
is first revealed by a high AMC 10 score should not be denied the opportunity 
to take the AIME. It was finally decided that AIME invitations would go to 
those students who obtained a score of 120 out of 150, or else scored in the top 
1%, on the AMC 10. The corresponding criteria for the AMC 12 are a score of 
100 out of 150, or scoring in the top 5 %. 

Since 2002 two versions of both the AMC 10 and the AMC 12 have been 
created every year and offered about two weeks apart. This has been done for 
two reasons. The immediate impetus for change was a conflict between the 
2002 contest date and state holidays in Illinois and Louisiana, which would 
have precluded participation by students in both states. The new arrangement 
also addressed a growing concern among CAMC members about contest se- 
curity. In the past, contests were administered for official credit at any time 
during a window of a few days. With the advent of contest-focused web sites, 
it was recognized that contest answers might become public knowledge within 
hours. Setting a specific date for each contest greatly reduces the probability 
that a student will learn the answers before taking the contest. 

The AMC contests have attracted many new sponsors since the early years. 
In addition to the MAA and the Society of Actuaries, the list of sponsoring 
organizations grew to include the high school and two-year college honorary 
mathematics society Mu Alpha Theta, the National Council of Teachers of 
Mathematics, and the Casualty Actuarial Society by 1971. There are currently 
more than 21 Contributors and Sponsors of the contests, which demonstrates 
the wide range of interest in the program. 


Format and Scoring 

Like their common ancestor, the AHSME, the AMC 10 and AMC 12 are 
multiple-choice contests with five answer choices for each question. The time 
allotted for work was initially 80 minutes, increasing to 90 minutes in 1978 
and decreasing to 75 minutes in 2000. Although the highest possible score on 
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the contests has always been 150, there have been numerous changes in the 
number of questions and the scoring formulas used over the years. The first 
contests had 50 questions, divided into three sections with increasing levels of 
difficulty. The number of questions in Parts I, II, and III, was 15 (2 points each), 
20 (3 points each), and 15 (4 points each), respectively. In 1958 a 20/20/10 di- 
vision was used with a 2/3/5 scoring. In 1960 the number of questions was 
reduced to 40, with a 20/10/10 division and a 3/4/5 scoring. In 1968 the num- 
ber of questions was further reduced to 35, with a 10/10/10/5 division and a 
3/4/5/6 scoring. Beginning in 1956, in an effort to discourage random guessing 
while still encouraging educated guessing, a penalty for incorrect responses 
was imposed. A student’s score was calculated as Pr — 0.2 Pw (changed to 
Pr — 0.25 Pw in 1958), where Pr and P\y represent the total point values of 
questions with correct and incorrect responses. 

Beginning in 1974 the contest was no longer partitioned into sections. The 
contest consisted of 30 questions each worth 5 points, with the scoring formula 
5 R — W, where R and W represent the number of questions with correct and 
incorrect responses. This formula was changed to 30 + 4R — W in 1977. The 
latter formula is neutral with respect to guessing and precludes the possibil- 
ity of a negative score, a potentially devastating result for an unlucky student! 
Renewed concern about random guessing prompted another scoring change in 
1986, this time to the formula 5 R + 2 B, where B is the number of responses 
left blank. The number of questions was reduced once more in 2000, result- 
ing in a contest of 25 questions each worth 6 points with the scoring formula 
6 R + 2 B. altered to 6 R + 2.5 B in 2002. The last change, instituted in part to 
reduce the probability of ties among award recipients, appears to have discour- 
aged students from attempting the more difficult problems. For that reason, the 
scoring formula changed again in 2007, to 6 R + 1.5B. 


Content of the AMC 1 0 and AMC 1 2 

The scope of the AMC 12 contest is restricted to topics covered in a stan- 
dard high school curriculum. This seemingly simple guideline leaves signifi- 
cant room for debate. For example, does it exclude a problem whose solution 
requires Pick’s Theorem or the formula for the area of an ellipse? The list 
of topics considered acceptable for the contest has also changed with time. 
Probability did not make its first appearance on the contest until 1970, and 
trigonometry not until 1972. Although many AMC 12 contestants have stud- 
ied calculus, the CAMC does not consider it to be a standard high school topic 
at this time. 
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During the early years of the AHSME, many problems were closely related 
to routine exercises that students were likely to have done in their classes. That 
is less the case today, for two reasons. First, in the process of reducing the 
number of questions on the contest from the original 50 to the present 25, it 
was desired to maintain a large number of problems whose solutions require 
creative insight. Consequently, the number of routine problems on each contest 
has been greatly reduced. Second, beginning in 1994 students were allowed to 
use calculators on the AHSME. Calculators, including some models with built- 
in computer algebra systems, have been permitted on the AMC 8, AMC 10 and 
AMC 12, although not on the AIME or USAMO. Thus, for example, a prob- 
lem that asks students only to solve an algebraic equation is not appropriate 
for a calculator-permitted AMC 10 or AMC 12. Many good problems involv- 
ing trigonometry and logarithms are also rendered trivial by calculators. The 
problems included in this volume were all on calculator-permitted contests, but 
beginning in 2008 calculators will not be permitted on either the AMC 10 or 
the AMC 12 contests. 

By the late 1990s it was clear that many students in grades 9 and 10 were 
unable to find many approachable problems on the AHSME. This situation led 
directly to the creation of the AMC 10. The scope of that contest is restricted 
to topics that are typically studied in grades 10 and below. The majority of 
the problems on the AMC 10 contests involve topics from algebra, geometry, 
probability, and elementary counting and number theory. Specifically excluded 
from AMC 10 contests are problems that involve trigonometry, logarithms, 
complex numbers, and the concept of functions and properties of their graphs. 
Problems that cover more advanced topics in geometry are also excluded. For 
example, those that require Heron’s formula for finding the area of a triangle, 
extensions of the Central Angle Theorem, and problems requiring the Power 
of a Point Theorem are excluded. 


Construction of the Contests 

The Process 

The period between the end of January and mid-February of each year sees 
the administration of four AMC contests. The two forms of the AMC 10 con- 
test, referred to as the 10A and 10B, are given about two weeks apart. The two 
forms must be comparable in terms of difficulty and topical balance, yet not so 
similar as to give an advantage to students taking the later 10B. The AMC 12A 
and 12B contests are each given on the same day as their AMC 10 counterparts. 
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This arrangement permits a question to appear on both contests given on the 
same day. In fact there is usually an overlap of 40-50% between correspond- 
ing forms of the AMC 10 and AMC 12. Because of those considerations, the 
content of each contest is inextricably linked to the content of the other three, 
so that all the AMC 10 and 12 contests must be constructed together. 

For the contests given in year n, the process begins early in year n — 2, 
when a call goes out to a panel of about 50 problem posers. By early summer 
a packet of 150 to 200 problems is sent out to a panel of packet reviewers, 
many of whom are also problem posers. Each reviewer submits a ballot of fa- 
vorite problems from the packet and a set of comments, including corrections, 
alternate solutions, and suggestions for improved wording. A tentative draft of 
each contest is written in the fall and sent out to a panel of draft reviewers for 
editing. In January of year n — 1, a second draft of the contests is sent to mem- 
bers of the AMC 10/12 Subcommittee, who meet to discuss it in February. It 
is common for many of the problems and solutions to be significantly rewrit- 
ten at the meeting. In addition, the Subcommittee often reorders problems, 
shifts them from one contest to another, or replaces them entirely. Following 
the meeting, another draft of each contest is written. Over the next few months 
that draft undergoes additional reviews, and the contest galleys are printed at 
the AMC office and sent out for proofreading. The contests are printed during 
the summer of year n — 1 . By that time the problem packet for year n + 1 is 
being reviewed, and the process continues. 

Performance statistics over the last several years indicate that we have been 
reasonably successful in judging the relative difficulty of the A and B forms 
of each contest. Average scores on the two forms have usually been within a 
few points of each other. We have not always been as successful in judging the 
relative difficulty of individual problems. As an extreme example. Problem 22 
on the 2002 AMC 10A had a higher success rate (26.48%) than did Problem 1 
(19.86%). 

In spite of our best efforts, ambiguities and errors occasionally creep into 
the final product. Fortunately, we have yet to have a difficulty on the AMC 10 
contests, but on the 2002 12A contest, the distracter “N < 1” was inadver- 
tently written as “N > 1”, resulting in two correct answer choices. 


The Problems 

Of the problems that are submitted in each year’s problem packet, fewer than 
half survive the reviewing and editing process. Each problem that ultimately 
appears on one of the contests must meet several criteria. 
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• It must be considered to be original. The easier problems are often some- 
what similar to textbook exercises. However, if a problem or a nearly iden- 
tical one has been used in another contest or published elsewhere, it is 
rejected. 

• The best students should be able to make a reasonable attempt to solve 
all 25 problems within the 75-minute time frame, so problem statements 
should be brief, and questions should be simple to state. The higher- 
numbered problems should be difficult by virtue of the insight required 
for the solution, not the length of the computations. 

• It must be possible to state the problem unambiguously. 

• The correct answer must not be easily guessable. 

• Whenever possible, the wrong answer choices, or distracters, should reflect 
answers that result from common errors in thinking, not calculation. 

• If a problem has a solution that uses calculus, it must have a no more diffi- 
cult solution that does not use calculus. 

• Calculators should not provide students with a significant advantage in 
solving any problem. 

The distracters should trap students who think carelessly, but not those who 
simply read carelessly. For example, the answer obtained by a student who 
misreads “x > 0” as “x < 0” would usually not be included as a distracter. We 
occasionally fail to anticipate the mistakes the students will make, however. For 
example, a number of top students missed Problem 3 on the 2004 AMC 10A 
(Problem 1 on 2004 AMC 12A) contest because they read the problem hastily, 
expressed their answers in dollars instead of cents, and found the answer they 
obtained as one of the choices. 

It is often difficult to decide what sort of calculator usage constitutes a 
“significant advantage”. A problem that asks only for the value of 

V 2007 2 - 2006 • 2008 

is clearly not suitable, but if the value must be calculated as one step in the so- 
lution of a more difficult problem, the advantage provided by a calculator may 
be judged to be insignificant. Solutions by programming raise unique issues. 
For example, if a problem requires the 2007 th term of a sequence, has a stu- 
dent gained a significant advantage by programming a calculator to generate 
successive terms of the sequence? Here the answer depends on the nature of 
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the problem. In some cases it has been decided that the creativity required to 
write the program is comparable to that required to solve the problem without 
a calculator. 
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2000 AMC 10 Problems 

The solutions for the 2000 AMC 10 begin on page 72. 

1 . In the year 200 1 , the United States will host the International Mathemati- 
cal Olympiad. Let I, M, and O be distinct positive integers such that the 
product I ■ M ■ O = 2001. What is the largest possible value of the sum 
I + M + 01 

(A) 23 (B) 55 (C) 99 (D) 111 (E) 671 

2. The number 2000(2000 20 °°) is the same as which of the following? 

(A) 2000 2001 (B) 4000 2000 (C) 2000 4000 

(D) 4,000,000 200 ° (E) 2 OOO 4 ’ 000 ’ 000 

3. Each day, Jenny ate 20% of the jellybeans that were in her jar at the be- 
ginning of that day. At the end of the second day, 32 remained. How many 
jellybeans were in the jar originally? 

(A) 40 (B) 50 (C) 55 (D) 60 (E) 75 

4. Chandra pays an on-line service provider a fixed monthly fee plus an hourly 
charge for connect time. Her December bill was $12.48, but in January 
her bill was $17.54 because she used twice as much connect time as in 
December. What is the fixed monthly fee? 

(A) $2.53 (B) $5.06 (C) $6.24 (D) $7.42 (E) $8.77 

5. Points M and N are the midpoints of sides PA and PB of A PAB. As 
P moves along a line that is parallel to side AB, how many of the four 
quantities listed below change? 

(a) the length of the segment MN 

(b) the perimeter of A PA B 


1 
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(c) the area of APAB 

(d) the area of trapezoid ABNM 



(A) 0 (B) 1 


(C) 2 (D) 3 (E) 4 


6. The Fibonacci sequence 1, 1, 2, 3, 5, 8, 13, 21, . . . starts with two l’s, and 
each term afterwards is the sum of its two predecessors. Which one of 
the ten digits is the last to appear in the units position of a number in the 
Fibonacci sequence? 

(A) 0 (B) 4 (C) 6 (D) 7 (E) 9 


7. In rectangle ABCD , AD = 1, P is on AB, and DB and DP trisect 
A ADC . What is the perimeter of A BDP1 


(A) 

V3 

3 H 

3 

(E) 

„ 5\/3 

2+ 3 


(B) 2 + 


4^3 


(€) 2 + 2V2 


(D) 


3 + 3V5 



8. At Olympic High School, 2/5 of the freshmen and 4/5 of the sophomores 
took the AMC 10. Given that the number of freshmen and sophomore con- 
testants was the same, which of the following must be true? 

(A) There are five times as many sophomores as freshmen. 

(B) There are twice as many sophomores as freshmen. 

(C) There are as many freshmen as sophomores. 

(D) There are twice as many freshmen as sophomores. 

(E) There are five times as many freshmen as sophomores. 

9. Suppose that \x — 2| = p, where x < 2. What is the value of x — pi 

(A) -2 (B) 2 (C) 2-2 p (D) 2p-2 (E) \2p-2\ 
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10. The sides of a triangle with positive area have lengths 4, 6, and x. The sides 
of a second triangle with positive area have lengths 4, 6, and y. What is the 
smallest positive number that is not a possible value of \x — y |? 

(A) 2 (B) 4 (C) 6 (D) 8 (E) 10 

1 1 . Two different prime numbers between 4 and 1 8 are chosen. When their sum 
is subtracted from their product, which of the following numbers could be 
obtained? 

(A) 21 (B) 60 (C) 119 (D) 180 (E) 231 


12. Figures 0, 1, 2, and 3 consist of 1, 5, 13, and 25 nonoverlapping unit 
squares, respectively. If the pattern were continued, how many nonover- 
lapping unit squares would there be in figure 100? 

(A) 10401 (B) 19801 (C) 20201 (D) 39801 (E) 40801 



figure 0 figure 1 figure 2 


figure 3 


13. There are 5 yellow pegs, 4 red pegs, 3 green pegs, 2 blue pegs, and 1 orange 
peg to be placed on a triangular peg board. In how many ways can the pegs 
be placed so that no (horizontal) row or (vertical) column contains two pegs 
of the same color? 


(A) 0 (B) 

(E) 15! 


(C) 5! • 4! • 3! • 2! • 1! (D) 15!/(5! ■ 4! ■ 3! ■ 2! • 1!) 


o 




o 

o 



o 

o 

o 


o 

o 

o 

o 

o 

o 

o 

o 


4 


Problems 


14. Mrs. Walter gave an exam in a mathematics class of five students. She 
entered the scores in random order into a spreadsheet, which recalculated 
the class average after each score was entered. Mrs. Walter noticed that 
after each score was entered, the average was always an integer. The scores 
(listed in ascending order) were 71, 76, 80, 82, and 91. What was the last 
score Mrs. Walter entered? 

(A) 71 (B) 76 (C) 80 (D) 82 (E) 91 

15. Two non-zero real numbers, a and b, satisfy ab = a — b. Which of the 
following is a possible value of ( a/b ) + (b/a) — ab ? 

(A) -2 (B) - l - (C) 1 (D) l - (E) 2 

16. The diagram shows 28 lattice points, each one unit from its nearest neigh- 
bors. Segment AB meets segment CD at E. Find the length of segment 
AE. 



17. Boris has an incredible coin changing machine. When he puts in a quarter, 
it returns five nickels; when he puts in a nickel, it returns five pennies; and 
when he puts in a penny, it returns five quarters. Boris starts with just one 
penny. Which of the following amounts could Boris have after using the 
machine repeatedly? 

(A) $3.63 (B) $5.13 (C) $6.30 (D) $7.45 (E) $9.07 

18. Charlyn walks completely around the boundary of a square whose sides 
are each 5 km long. From any point on her path she can see exactly 1 km 
horizontally in all directions. What is the area of the region consisting of 
all points Charlyn can see during her walk, expressed in square kilometers 
and rounded to the nearest whole number? 

(A) 24 (B) 27 (C) 39 (D) 40 (E) 42 

19. Through a point on the hypotenuse of a right triangle, lines are drawn par- 
allel to the legs of the triangle so that the triangle is divided into a square 
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20 . 


and two smaller right triangles. The area of one of the two small right tri- 
angles is m times the area of the square. What is the ratio of the area of the 
other small right triangle to the area of the square? 


(A) 


— (B) m (C) 1 -m (D) - 1 - (E) -L 

2m + 1 4 m 8 m z 

Let A, M, and C be nonnegative integers such that A + M + C = 10. 

What is the maximum value of A - M ■ C + A ■ M + M ■ C + C - A? 


(A) 49 (B) 59 (C) 69 (D) 79 (E) 89 


21. If all alligators are ferocious creatures and some creepy crawlers are alli- 
gators, which statement(s) must be true? 

I. All alligators are creepy crawlers. 

II. Some ferocious creatures are creepy crawlers. 

III. Some alligators are not creepy crawlers. 

(A) I only (B) II only (C) III only (D) II and III only 
(E) None must be true 


22. One morning each member of Angela’s family drank an 8-ounce mixture 
of coffee with milk. The amounts of coffee and milk varied from cup to 
cup, but were never zero. Angela drank a quarter of the total amount of 
milk and a sixth of the total amount of coffee. How many people are in the 
family? 

(A) 3 (B) 4 (€) 5 (D) 6 (E) 7 


23. When the mean, median, and mode of the list 


10, 2, 5,2, 4, 2, x 


are arranged in increasing order, they form a non-constant arithmetic pro- 
gression. What is the sum of all possible real values of x? 

(A) 3 (B) 6 (C) 9 (D) 17 (E) 20 

24. Let / be a function for which f(x/ 3) = x 2 + x + 1. Find the sum of all 
values of z for which / (3z) = 7. 

(A) ~ (B) - l - (C) 0 (D) ^ (E) ^ 

25. In year N , the 300 th day of the year is a Tuesday. In year N + L the 200 th 
day is also a Tuesday. On what day of the week did the 100 th day of year 
N — 1 occur? 

(A) Thursday (B) Friday (C) Saturday (D) Sunday (E) Monday 



6 


Problems 


2001 AMC 10 Problems 

The solutions for the 2001 AMC 10 begin on page 80. 

1 . The median of the list 

n, n + 3, n + 4, n + 5, n + 6, n + 8, n + 10, n + 12, n + 15 
is 10. What is the mean? 

(A) 4 (B) 6 (C) 7 (D) 10 (E) 11 

2. A number x is 2 more than the product of its reciprocal and its additive 
inverse. In which interval does the number lie? 

(A) -4 < x < -2 (B) -2 < x < 0 (C) 0 < x < 2 

(D) 2 < x < 4 (E) 4 < x < 6 

3. The sum of two numbers is S. Suppose 3 is added to each number and then 
each of the resulting numbers is doubled. What is the sum of the final two 
numbers? 

(A) 2S + 3 (B) 3S + 2 (C) 3S + 6 (D) 2S + 6 

(E) 2 S + 12 

4. What is the maximum number for the possible points of intersection of a 
circle and a triangle? 

(A) 2 (B) 3 (C) 4 (D) 5 (E) 6 

5. How many of the twelve pentominoes pictured below have at least one line 
of symmetry? 


(A) 3 


(B) 4 


(C) 5 


(D) 6 


(E) 7 
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6. Let P(n) and S(n) denote the product and the sum, respectively, of the 
digits of the integer n. For example, P( 23) = 6 and S(23) = 5. Suppose 
N is a two-digit number such that N = P(N ) + S(N). What is the units 
digit of N1 

(A) 2 (B) 3 (€) 6 (D) 8 (E) 9 

7. When the decimal point of a certain positive decimal number is moved 
four places to the right, the new number is four times the reciprocal of the 
original number. What is the original number? 

(A) 0.0002 (B) 0.002 (C) 0.02 (D) 0.2 (E) 2 

8. Wanda, Darren, Beatrice, and Chi are tutors in the school math lab. Their 
schedule is as follows: Darren works every third school day, Wanda works 
every fourth school day, Beatrice works every sixth school day, and Chi 
works every seventh school day. Today they are all working in the math lab. 
In how many school days from today will they next be together working in 
the lab? 

(A) 42 (B) 84 (C) 126 (D) 178 (E) 252 

9. The state income tax where Kristin lives is levied at the rate of p% of 
the first $28,000 of annual income plus ( p + 2)% of any amount above 
$28,000. Kristin noticed that the state income tax she paid amounted to 
(p + 0.25)% of her annual income. What was her annual income? 

(A) $28,000 (B) $32,000 (C) $35,000 (D) $42,000 

(E) $56,000 
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10. Suppose x, y, and z are positive real numbers with xy = 24, xz = 48, 
and yz = 72. What is the value of x + y + z ? 

(A) 18 (B) 19 (C) 20 (D) 22 (E) 24 

1 1 . Consider the dark square in an array of unit squares, part of which is shown. 
The first ring of squares around this center square contains 8 unit squares. 
The second ring contains 16 unit squares. This process is continued to the 
100 th ring. How many unit squares are in the 100 th ring? 



(A) 396 (B) 404 (C) 800 (D) 10,000 (E) 10,404 

12. Suppose that n is the product of three consecutive integers and that n is 
divisible by 7. Which of the following is not necessarily a divisor of nl 

(A) 6 (B) 14 (C) 21 (D) 28 (E) 42 

13. A telephone number has the form ABC-DEF-GHIJ, where each letter rep- 
resents a different digit. The digits in each part of the number are in de- 
creasing order; that is, A > B > C, D > E > F, and G > H > I > J. 
Furthermore, D, E, and F are consecutive even digits; G, H, I, and J are 
consecutive odd digits; and A + B + C = 9. What is A? 

(A) 4 (B) 5 (C) 6 (D) 7 (E) 8 

14. A charity sells 140 benefit tickets for a total of $2001. Some tickets sell 
for full price (a whole dollar amount), and the rest sell for half price. How 
much money is raised by the full-price tickets? 

(A) $782 (B) $986 (C) $1158 (D) $1219 (E) $1449 

15. A street has parallel curbs 40 feet apart. A crosswalk bounded by two par- 
allel stripes crosses the street at an angle. The length of the curb between 
the stripes is 15 feet and each stripe is 50 feet long. What is the distance, 
in feet, between the stripes? 

(A) 9 (B) 10 


(C) 12 


(D) 15 


(E) 25 
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16. The mean of three numbers is 10 more than the least of the numbers and 15 
less than the greatest. The median of the three numbers is 5. What is their 
sum? 

(A) 5 (B) 20 (C) 25 (D) 30 (E) 36 

17. Which of the cones below can be formed from a 252° sector of a circle of 
radius 10 by aligning the two straight sides? 



18. The plane is tiled by congruent squares and congruent pentagons as indi- 
cated. Which of the following is closest to the percent of the plane that is 
enclosed by the pentagons? 

(A) 50 (B) 52 (C) 54 



(D) 56 


(E) 58 
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19. Pat wants to buy four donuts from an ample supply of three types of donuts: 
glazed, chocolate, and powdered. How many different selections are pos- 
sible? 

(A) 6 (B) 9 (C) 12 (D) 15 (E) 18 

20. A regular octagon is formed by cutting an isosceles right triangle from each 
of the corners of a square with sides of length 2000. What is the length of 
each side of the octagon? 

(A) ^(2000) (B) 2000(V2-1) (C) 2000(2 - V2) 

(D) 1000 (E) 1000V2 

21. A right circular cylinder with its diameter equal to its height is inscribed 
in a right circular cone. The cone has diameter 10 and altitude 12, and the 
axes of the cylinder and cone coincide. What is the radius of the cylinder? 

q on 9c 7 

(A) - (B) — (C) 3 (D) — (E) - 

22. In the magic square shown, the sums of the numbers in each row, column, 
and diagonal are the same. 


V 

24 

w 

18 

X 

y 

25 

z 

21 


Five of these numbers are represented by v ,w,x,y, and z. What is the 
value of y + z? 

(A) 43 (B) 44 (C) 45 (D) 46 (E) 47 


23. A box contains exactly five chips, three red and two white. Chips are ran- 
domly removed one at a time without replacement until all the red chips 
are drawn or all the white chips are drawn. What is the probability that the 
last chip drawn is white? 


(A) 


3 

To 


2 

5 


1 3 

(C) 2 (D) 5 


(E) 


7 

To 


(B) 
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24. In trapezoid ABCD we have A B and C D perpendicular to AD with AB + 
CD = BC, AB < CD, and AD = 7. What is AB ■ CD ? 

(A) 12 (B) 12.25 (C) 12.5 (D) 12.75 (E) 13 

25. How many positive integers not exceeding 2001 are multiples of 3 or 4 but 
not 5? 

(A) 768 (B) 801 (C) 934 (D) 1067 (E) 1167 
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2002 AMC10A Problems 

The solutions for the 2002 AMC 10A begin on page 89. 

jq2000 _j_ jq2002 

1 . The ratio — — — is closest to which of the following numbers? 

|02OO1 i J Q2001 b 

(A) 0.1 (B) 0.2 (C) 1 (D) 5 (E) 10 

2. For the nonzero numbers a, b, and c, define 

. , . a b c 

(a,b,c) = - h -. 

b c a 

What is (2, 12,9)? 

(A) 4 (B) 5 (C) 6 (D) 7 (E) 8 

3. According to the standard convention for exponentiation, 

2 2 = 2V ) = 2 16 = 65,536. 


Suppose that the order in which the exponentiations are performed is 
changed. How many other values are possible? 

(A) 0 (B) 1 (C) 2 (D) 3 (E) 4 

4. For how many positive integers m does there exist at least one positive 
integer n such that m ■ n < m + nl 

(A) 4 (B) 6 (C) 9 (D) 12 (E) infinitely many 

5. Each of the small circles in the figure has radius one. The innermost circle 
is tangent to the six circles that surround it, and each of those circles is 
tangent to the large circle and to its small-circle neighbors. What is the 
area of the shaded region? 



(A) n 


(B) 1.5tt 


(C) 2tt 


(D) 3 it 


(E) 3.5jt 
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6. Cindy was asked by her teacher to subtract 3 from a certain number and 
then divide the result by 9. Instead, she subtracted 9 and then divided the 
result by 3, giving an answer of 43. What would her answer have been had 
she worked the problem correctly? 

(A) 15 (B) 34 (C) 43 (D) 51 (E) 138 

7. An arc of 45° on circle A has the same length as an arc of 30° on circle B. 

What is the ratio of the area of circle A to the area of circle B1 

4 2 5 3 9 

(A) - (B) - (C) - (D) - (E) - 

9 3 6 2 4 

8. Betsy designed a flag using blue triangles ( ), small white squares (□), 
and a red center square(B), as shown. Let B be the total area of the blue 
triangles, W the total area of the white squares, and R the area of the red 
square. Which of the following is correct? 



(A) B = W (B) W = R (C) B = R (D) 3 B = 2 R 
(E) 2 R=W 

9. Suppose A, B, and C are three numbers for which 

1001C - 2002 A = 4004 and 10015 + 3003A = 5005. 

What is the average of the three numbers A, 5, and C? 

(A) 1 (B) 3 (C) 6 (D) 9 (E) not uniquely determined 

10. What is the sum of all the roots of ( 2x + 3)(x — 4) + (2x + 3)(x — 6) = 0? 

(A) 7/2 (B) 4 (C) 5 (D) 7 (E) 13 

1 1 . Jamal wants to store 30 computer files on disks, each of which has a capac- 
ity of 1.44 megabytes (mb). Three of his files require 0.8 mb of memory 
each. 12 more require 0.7 mb each, and the remaining 15 require 0.4 mb 
each. No file can be split between disks. What is the minimal number of 
disks that will hold all the files? 


(A) 12 


(B) 13 


(C) 14 


(D) 15 


(E) 16 
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12. Mr. Earl E. Bird leaves his house for work at exactly 8:00 A.M. every 
morning. When he averages 40 miles per hour, he arrives at his workplace 
three minutes late. When he averages 60 miles per hour, he arrives three 
minutes early. At what average speed, in miles per hour, should Mr. Bird 
drive to arrive at his workplace precisely on time? 

(A) 45 (B) 48 (€) 50 (D) 55 (E) 58 

13. The sides of a triangle have lengths of 15, 20, and 25. What is the length 
of the shortest altitude? 

(A) 6 (B) 12 (€) 12.5 (D) 13 (E) 15 

14. Both roots of the quadratic equation x 2 — 63x + k = 0 are prime numbers. 
What is the number of possible values of kl 

(A) 0 (B) 1 (C) 2 (D) 4 (E) more than four 

15. The digits 1, 2, 3, 4, 5, 6, 7, and 9 are used to form four two-digit prime 
numbers, with each digit used exactly once. What is the sum of these four 
primes? 

(A) 150 (B) 160 (€) 170 (D) 180 (E) 190 

16. Suppose that a+l=b + 2 = c + 3 = d + 4 = a+b + c + d + 5. 
What is a + b + c + dl 

10 7 5 

(A) -5 (B) - (C) -- (D) - (E) 5 

17. Sarah pours four ounces of coffee into an eight-ounce cup and four ounces 
of cream into a second cup of the same size. She then transfers half the 
coffee from the first cup to the second and, after stirring thoroughly, trans- 
fers half the liquid in the second cup back to the first. What fraction of the 
liquid in the first cup is now cream? 

(A) i (B) \ (C) I (D) \ (E, i 

18. A 3 x 3 x 3 cube is formed by gluing together 27 standard cubical dice. 
(On a standard die, the sum of the numbers on any pair of opposite faces 
is 7.) What is the smallest possible sum of all the numbers showing on the 
surface of the 3x3x3 cube? 

(A) 60 (B) 72 (€) 84 (D) 90 (E) 96 

19. Spot’s doghouse has a regular hexagonal base that measures one yard on 

each side. He is tethered to a vertex with a two-yard rope. What is the area, 

in square yards, of the region outside the doghouse that Spot can reach? 

2 5 8 

(A) -71 (B) 2jt (C) — 7i (D) -7 x (E) 3? r 
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20. Points A, B, C , D, E, and F lie, in that order, on AF, dividing it into 
five segments, each of length 1. Point G is not on line AF . Point H lies 
on GD, and point J lies on GF . The line segments HC , J E , and AG are 
parallel. What is HC/JE1 



5 4 3 5 

(A) - (B) - (C) - (D) - (E) 2 

2 1 . The mean, median, unique mode, and range of a collection of eight integers 
are all equal to 8. What is the largest integer that can be an element of this 
collection? 

(A) 11 (B) 12 (C) 13 (D) 14 (E) 15 

22. A set of tiles numbered 1 through 100 is modified repeatedly by the follow- 
ing operation: remove all tiles numbered with a perfect square and renum- 
ber the remaining tiles consecutively starting with 1. How many times must 
the operation be performed to reduce the number of tiles in the set to one? 

(A) 10 (B) 11 (C) 18 (D) 19 (E) 20 

23. Points A, B , C , and D lie on a line, in that order, with A B = CD and 
BC = 12. Point E is not on the line, and BE = CE = 10. The perimeter 
of A AED is twice the perimeter of A BEC . Find AB . 



15 17 19 

(A) — (B) 8 (C) — (D) 9 (E) — 

24. Tina randomly selects two distinct numbers from the set {1,2, 3, 4, 5}, and 
Sergio randomly selects a number from the set {1, 2, ... , 10}. What is the 
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probability that Sergio’s number is larger than the sum of the two numbers 
chosen by Tina? 


25. 





(D) 


11 

20 


In trapezoid ABCD with bases AB and CD, we have AB 
12, CD = 39, and DA = 5. What is the area of ABCD7 


(E) 

= 52, 


24 

25 

BC = 


(A) 182 (B) 195 (C) 210 (D) 234 (E) 260 


D 


A 



39 


52 



B 
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2002 AMC 1 0B Problems 

The solutions for the 2002 AMC 10B begin on page 99. 


1 . Which of the following is the same as the ratio 

92001 92003 

' 7 

£2002 


1112 
(A) - (B) - (C) - (D) - 

o j 2 3 

2. For the nonzero numbers a, b, and c, define 


(a,b, c ) 


abc 

a + b + c 


What is (2,4,6)? 

(A) 1 (B) 2 (C) 4 (D) 6 


(E) 


3 

2 


(E) 24 


3. The arithmetic mean of the nine numbers in the set {9,99,999,9999, . . . , 
999999999} is a 9-digit number M, all of whose digits are distinct. Which 
of the following digits is not contained in Ml 
(A) 0 (B) 2 (C) 4 (D) 6 (E) 8 


4. What is the value of 


(3x — 2)(4x + 1) — (3x — 2)4.\- + 1 

when x = 4? 

(A) 0 (B) 1 (C) 10 (D) 11 (E) 12 

5. Circles of radius 2 and 3 are externally tangent and are circumscribed by a 
third circle, as shown in the figure. What is the area of the shaded region? 



(A) 37 r 


(B) 4tt 


(C) 6tt 


(D) 9tt 


(E) 12tt 
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6. For how many positive integers n is n 2 — 3n + 2 a prime number? 

(A) none (B) one (C) two (D) more than two, but finitely many 
(E) infinitely many 

7. Let n be a positive integer such that 

1111 
2 3 7 n 

is an integer. Which of the following statements is not true? 

(A) 2 divides n (B) 3 divides n (C) 6 divides n 

(D) 7 divides n (E) n > 84 

8. Suppose July of year N has five Mondays. Which of the following must 
occur five times in August of year A? (Note: Both months have 31 days.) 

(A) Monday (B) Tuesday (C) Wednesday (D) Thursday 

(E) Friday 

9. Using the letters A, M, O, S, and U, we can form 120 five-letter “words”. 
Suppose that these “words” are arranged in alphabetical order. What posi- 
tion does the “word” USAMO occupy? 

(A) 112 (B) 113 (C) 114 (D) 115 (E) 116 

10. Suppose that a and b are nonzero real numbers, and that the equation 
x 2 + ax + b = 0 has solutions a and b. What is the pair (a, b)l 

(A) (-2.1) (B) (-1,2) (C) (1,-2) (D) (2,-1) (E) (4,4) 

11. The product of three consecutive positive integers is 8 times their sum. 
What is the sum of their squares? 

(A) 50 (B) 77 (C) 110 (D) 149 (E) 194 

12. For which of the following values of k does the equation 

x — 1 x — k 
x — 2 x — 6 

have no solution for xl 

(A) 1 (B) 2 (€) 3 (D) 4 (E) 5 

13. For what value(s) of x is 8xy — 12 y + 2x — 3 = 0 true for all values of v? 

2 3 1 2 1 3 3 1 

(A) - (B) - or — (C) — or — (D) - (E) — or — 

3 2 4 3 4 2 2 4 
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14. The number 25 64 • 64 25 is the square of a positive integer N. What is the 
sum of the digits of the decimal representation of N7 

(A) 7 (B) 14 (C) 21 (D) 28 (E) 35 

15. The positive integers A, B , A— B , and A + B are all prime numbers. Which 
of the following is true about the sum of these four primes? 

(A) It is even. (B) It is divisible by 3. (C) It is divisible by 5. 

(D) It is divisible by 7. (E) It is prime. 

16. For how many integers n is 

n 

20-n 

the square of an integer? 

(A) 1 (B) 2 (C) 3 (D) 4 (E) 10 

17. A regular octagon ABCDEFGH has sides of length two. What is the area 
of A ADG1 

(A) 4 + 2V2 (B) 6+V2 (C) 4 + 3V2 (D) 3 + 4^2 

(E) 8 + V2 

1 8. Four distinct circles are drawn in a plane. What is the maximum number of 
points where at least two of the circles intersect? 

(A) 8 (B) 9 (C) 10 (D) 12 (E) 16 

19. Suppose that {a n } is an arithmetic sequence with 

a 1 + 02 + — + a 100 = 100 and flioi + ct 102 + • •• + #200 = 200. 
What is the value of a 2 — «t? 

(A) 0.0001 (B) 0.001 (C) 0.01 (D) 0.1 (E) 1 

20. Let a, b, and c be real numbers such that 

a — lb + 8c = 4 and 8a + 4b — c = 7. 

What is a 2 - b 2 + c 2 ? 

(A) 0 (B) 1 (C) 4 (D) 7 (E) 8 

21. Andy’s lawn has twice as much area as Beth’s lawn and three times as 
much area as Carlos’ lawn. Carlos’ lawn mower cuts half as fast as Beth’s 
mower and one third as fast as Andy’s mower. Suppose they all start to 
mow their lawns at the same time. Who will finish first? 

(A) Andy (B) Beth (C) Carlos (D) Andy and Carlos tie for first. 
(E) All three tie. 
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22. Let A XOY be a right triangle with ZXOY = 90°. Let M and N be the 

midpoints of legs OX and OF, respectively. Suppose that XN = 19 and 
YM = 22. What is A F? 

(A) 24 (B) 26 (C) 28 (D) 30 (E) 32 

23. Let {cik} be a sequence of integers such that a\ = 1 and a m + n = a m + 
a n + mn, for all positive integers m and n. What is a \ 2 ? 

(A) 45 (B) 56 (C) 67 (D) 78 (E) 89 

24. Riders on a Ferris wheel travel in a circle in a vertical plane. A particular 
wheel has radius 20 feet and revolves at the constant rate of one revolution 
per minute. How many seconds does it take a rider to travel from the bottom 
of the wheel to a point 10 vertical feet above the bottom? 

(A) 5 (B) 6 (C) 7.5 (D) 10 (E) 15 

25. When 15 is appended to a list of integers, the mean is increased by 2. When 
1 is appended to the enlarged list, the mean of the enlarged list is decreased 
by 1 . How many integers were in the original list? 

(A) 4 (B) 5 (€) 6 (D) 7 (E) 8 
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2003 AMC10A Problems 

The solutions for the 2003 AMC 10A begin on page 107. 

1. What is the difference between the sum of the first 2003 even counting 
numbers and the sum of the first 2003 odd counting numbers? 

(A) 0 (B) 1 (C) 2 (D) 2003 (E) 4006 

2. Members of the Rockham Soccer League buy socks and T-shirts. Socks 
cost $4 per pair, and each T-shirt costs $5 more than a pair of socks. Each 
member needs one pair of socks and a shirt for home games and another 
pair of socks and a shirt for away games. Suppose that the total cost is 
$2366. How many members are in the League? 

(A) 77 (B) 91 (C) 143 (D) 182 (E) 286 

3. A solid box is 15 cm by 10 cm by 8 cm. A new solid is formed by removing 
a cube 3 cm on a side from each corner of this box. What percent of the 
original volume is removed? 

(A) 4.5 (B) 9 (C) 12 (D) 18 (E) 24 

4. It takes Mary 30 minutes to walk uphill 1 km from her home to school, but 
it takes her only 10 minutes to walk from school to home along the same 
route. What is her average speed, in km/hr, for the round trip? 

(A) 3 (B) 3.125 (C) 3.5 (D) 4 (E) 4.5 

5. Let d and e denote the solutions of 2x 2 + 3x — 5 = 0. What is the value 
of(d- l)(e- 1)? 

(A) (B) 0 (C) 3 (D) 5 (E) 6 

6. Define xC7y to be |x — y\ for all real numbers x and y. Which of the 
following statements is not true? 

(A) xQTy = ytyx for all x and y 

(B) 2 (xtyy) = (2x)Q)(2 y) for all x and y 

(C) xf?0 = x for all x (D) xtyx = 0 for all x (E) xQ?y > 0 if x / j 

7. How many non-congruent triangles with perimeter 7 have integer side 
lengths? 

(A) 1 


(B) 2 


(C) 3 


(D) 4 


(E) 5 
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8. What is the probability that a randomly drawn positive factor of 60 is less 
than 7? 

11111 
(A) — (B) - (C) - (D) - (E) - 

10 6 4 3 2 

9. Which of the following is the same as the expression 



(A) (B) (C) (D) 5 tfc (E) "Vx™ 


10. The polygon enclosed by the solid lines in the figure consists of 4 congruent 
squares joined edge-to-edge. One more congruent square is attached to an 
edge at one of the nine positions indicated. How many of the nine resulting 
polygons can be folded to form a cube with one face missing? 



© 

© 

© 


© 





@ 


© 

© 



© 





(A) 2 (B) 3 (C) 4 (D) 5 (E) 6 


11. The sum of the two 5-digit numbers AMC10 and AMC12 is 123422. What 
is A + M + C1 

(A) 10 (B) 11 (€) 12 (D) 13 (E) 14 


12. A point (x, y) is randomly picked from inside the rectangle with vertices 
(0, 0), (4, 0), (4, 1), and (0, 1). What is the probability that x < y? 


113 1 

(A) - (B) - (C) - (D) - 

8 4 8 2 


(E) 


3 

4 


13. The sum of three numbers is 20. The first is 4 times the sum of the other 
two. The second is seven times the third. What is the product of all 
three? 


(A) 28 


(B) 40 


(C) 100 


(D) 400 


(E) 800 
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14. Let n be the largest integer that is the product of exactly 3 distinct prime 
numbers, d , e and 10 d + e, where d and e are single digits. What is the 
sum of the digits of n ? 

(A) 12 (B) 15 (C) 18 (D) 21 (E) 24 


15. What is the probability that an integer in the set {1, 2, 3, ... , 100} is divis- 
ible by 2 and not divisible by 3? 


(A) \ 


33 17 

(B) (C) — 

100 ' 50 


16. What is the units digit of 13 2003 ? 

(A) 1 (B) 3 (C) 7 


(°) \ 


(D) 


18 

(E) — 
25 


(E) 9 


17. The number of inches in the perimeter of an equilateral triangle equals the 
number of square inches in the area of its circumscribed circle. What is the 
radius, in inches, of the circle? 

(A) (B) (C) V3 (D) - (E) V3 tv 

71 71 71 

18. What is the sum of the reciprocals of the roots of the equation 


(A) 


2004 

2003 


2003 

2004 


x + 1 + 


1 

X 


= 0 ? 


(B) -1 


(C) 


2003 

2004 


(D) 1 


(E) 


2004 

2003 


19. A semicircle of diameter 1 sits at the top of a semicircle of diameter 2, as 
shown. The shaded area inside the smaller semicircle and outside the larger 
semicircle is called a lime. What is the area of this lune? 
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20. A base- 10 three-digit number n is selected at random. Which of the fol- 
lowing is closest to the probability that the base-9 representation and the 
base- 1 1 representation of n are both three-digit numerals? 

(A) 0.3 (B) 0.4 (C) 0.5 (D) 0.6 (E) 0.7 


21. Pat is to select six cookies from a tray containing only chocolate chip, 
oatmeal, and peanut butter cookies. There are at least six of each of these 
three kinds of cookies on the tray. How many different assortments of six 
cookies can be selected? 

(A) 22 (B) 25 (C) 27 (D) 28 (E) 729 

22. In rectangle ABCD, we have AB = 8, BC = 9, H is on BC with 
BH = 6, E is on A D with DE = 4, line EC intersects line AH at G, 
and F is on line AD with GF _L A F . What is the length G F ? 


(A) 16 



(E) 30 


23. A large equilateral triangle is constructed by using toothpicks to create 
rows of small equilateral triangles. For example, in the figure we have 
3 rows of small congruent equilateral triangles, with 5 small triangles in 
the base row. How many toothpicks would be needed to construct a large 
equilateral triangle if the base row of the triangle consists of 2003 small 
equilateral triangles? 
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(A) 1,004,004 (B) 1,005,006 (C) 1,507,509 (D) 3,015,018 

(E) 6,021,018 

24. Sally has five red cards numbered 1 through 5 and four blue cards num- 
bered 3 through 6. She stacks the cards so that the colors alternate and so 
that the number on each red card divides evenly into the number on each 
neighboring blue card. What is the sum of the numbers on the middle three 
cards? 

(A) 8 (B) 9 (C) 10 (D) 11 (E) 12 

25. Let n be a 5 -digit number, and let q and r be the quotient and remainder, 
respectively, when n is divided by 100. For how many values of n is q + r 
divisible by 1 1 ? 

(A) 8180 (B) 8181 (€) 8182 (D) 9000 (E) 9090 



26 


Problems 


2003 AMC 1 0B Problems 

The solutions for the 2003 AMC 10B begin on page 116. 

1 . Which of the following is the same as 

2- 4 + 6-8+10-12+14 o 

3- 6+9-12+15-18 + 21 ' 

2 2 14 

(A) -1 (B) -- (C) - (D) 1 (E) - 

2. A1 gets the disease algebritis and must take one green pill and one pink pill 
each day for two weeks. A green pill costs $ 1 more than a pink pill, and 
Al’s pills cost a total of $546 for the two weeks. How many dollars does 
one green pill cost? 

(A) 7 (B) 14 (C) 19 (D) 20 (E) 39 

3. The sum of 5 consecutive even integers is 4 less than the sum of the first 8 
consecutive odd counting numbers. What is the smallest of the even inte- 
gers? 

(A) 6 (B) 8 (C) 10 (D) 12 (E) 14 

4. Rose fills each of the rectangular regions of her rectangular flower bed with 
a different type of flower. The lengths, in feet, of the rectangular regions in 
her flower bed are as shown in the figure. She plants one flower per square 
foot in each region. Asters cost $1 each, begonias $1.50 each, cannas $2 
each, dahlias $2.50 each, and Easter lilies $3 each. What is the least possi- 
ble cost, in dollars, for her garden? 

4 7 


6 5 

(A) 108 (B) 115 (C) 132 (D) 144 (E) 156 
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5. Moe uses a mower to cut his rectangular 90-foot by 150-foot lawn. The 
swath he cuts is 28 inches wide, but he overlaps each cut by 4 inches to 
make sure that no grass is missed. He walks at the rate of 5000 feet per 
hour while pushing the mower. Which of the following is closest to the 
number of hours it will take Moe to mow his lawn? 

(A) 0.75 (B) 0.8 (C) 1.35 (D) 1.5 (E) 3 

6. Many television screens are rectangles that are measured by the length of 
their diagonals. The ratio of the horizontal length to the height in a standard 
television screen is 4:3. The horizontal length of a “27-inch” television 
screen is closest, in inches, to which of the following? 


(A) 20 


(B) 20.5 



(D) 21.5 


(E) 22 


7. The symbolism [x\ denotes the largest integer not exceeding x. For exam- 
ple, |_3J = 3, and [9/2J = 4. What is 

|_7T| + LV2j + |_73j + ■ • • + L7T6J ? 


(A) 35 


(B) 38 


(C) 40 


(D) 42 


(E) 136 


8. The second and fourth terms of a geometric sequence are 2 and 6. Which 
of the following is a possible first term? 


(A) -73 (B) - 


2V3 73 n 

-y- (C) ~ (D) 73 


9. Which of the following values of x satisfies the equation 

^48/x 


25 


-2 


(A) 2 


(B) 3 


5 26 A 

(C) 5 


. 25 ll ! x 


(E) 3 


(D) 6 


(E) 9 


10. Nebraska, the home of the AMC, changed its license plate scheme. Each 
old license plate consisted of a letter followed by four digits. Each new 
license plate consists of three letters followed by three digits. By how many 
times is the number of possible license plates increased? 


26 

(A) — 
10 


26 2 
(B) Tc7 


26 2 

(C) 

10 


26 3 

(D) 1(7 


26 3 
(E) k7 
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11. A line with slope 3 intersects a line with slope 5 at the point (10, 15). What 
is the distance between the x-intercepts of these two lines? 

(A) 2 (B) 5 (C) 7 (D) 12 (E) 20 

12. Al, Betty, and Clare split $1000 among them to be invested in different 
ways. Each begins with a different amount. At the end of one year they 
have a total of $1500. Betty and Clare have both doubled their money, 
whereas Al has managed to lose $100. What was Al’s original portion? 

(A) $250 (B) $350 (C) $400 (D) $450 (E) $500 

13. Let 4(x) denote the sum of the digits of the positive integer x. For exam- 
ple, 4(8) = 8 and 4(123) = 1+2 + 3 = 6. For how many two-digit 
values of x is 4(4(x)) = 3? 

(A) 3 (B) 4 (C) 6 (D) 9 (E) 10 

14. Suppose that 3 8 • 5 2 = a b , where both a and b are positive integers. What 
is the smallest possible value for a + bl 

(A) 25 (B) 34 (C) 351 (D) 407 (E) 900 

15. There are 100 players in a singles tennis tournament. The tournament is 
single elimination, meaning that a player who loses a match is eliminated. 
In the first round, the strongest 28 players are given a bye, and the re- 
maining 72 players are paired off to play. After each round, the remaining 
players play in the next round. The match continues until only one player 
remains unbeaten. The total number of matches played is a number that 
satisfies which of the following? 

(A) a prime number (B) divisible by 2 (C) divisible by 5 

(D) divisible by 7 (E) divisible by 1 1 

16. A restaurant offers three desserts, and exactly twice as many appetizers 
as main courses. A dinner consists of an appetizer, a main course, and a 
dessert. What is the least number of main courses that the restaurant can 
offer so that a customer could have a different dinner each night in the year 
2003? 

(A) 4 (B) 5 (C) 6 (D) 7 (E) 8 

17. An ice cream cone consists of a sphere of vanilla ice cream and a right cir- 
cular cone that has the same diameter as the sphere. If the ice cream melts, 
it will exactly fill the cone. Assume that the melted ice cream occupies 
75% of the volume of the frozen ice cream. What is the ratio of the cone’s 
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height to its radius? (Note: A cone with radius r and height h has volume 
nr 2 h/ 3, and a sphere with radius r has volume 4 jt/' 3 / 3.) 

(A) 2:1 (B) 3:1 (C) 4:1 (D) 16:3 (E) 6:1 

18. What is the largest integer that is a divisor of 


(n + 1 ) (n + 3 )(n + 5 )(/? + 7)(« + 9) 


for all positive even integers «? 

(A) 3 (B) 5 (C) 11 (D) 15 (E) 165 


19. Three semicircles of radius 1 are constructed on diameter AB of a semi- 
circle of radius 2. The centers of the small semicircles divide AB into 
four line segments of equal length, as shown. What is the area of the 
shaded region that lies within the large semicircle but outside the smaller 
semicircles? 



(A) tz — V3 (B) it — ~Jl (C) n (D) 



20. In rectangle ABCD , AB = 5 and BC = 3. Points F and G are on CD 
so that DF = 1 and GC = 2. Lines A F and BG intersect at E. What is 
the area of A AEB ? 


E 


A 


D 


3 



B 


C 


3 


5 




(A) 10 


(C) 12 


(E) 15 
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21. A bag contains two red beads and two green beads. You reach into the bag 
and pull out a bead, replacing it with a red bead regardless of the color you 
pulled out. What is the probability that all beads in the bag are red after 
three such replacements? 


(A) 


1 

8 





(E) 


7 

16 


22. A clock chimes once at 30 minutes past each hour and chimes on the hour 
according to the hour. For example, at 1 PM there is one chime and at noon 
and midnight there are twelve chimes. Starting at 11:15 AM on February 
26, 2003, on what date will the 2003 rd chime occur? 


(A) March 8 (B) March 9 (C) March 10 (D) March 20 

(E) March 21 


23. A regular octagon ABCDEFGH has an area of one square unit. What is 
the area of the rectangle ABEF1 



24. 


V2 V2 r- 1 1 + V2 

(A) 1- — (B) — (C) 72- 1 (D) - (E) — 

The first four terms in an arithmetic sequence are x + y, x — y, xy, and 
x/y, in that order. What is the fifth term? 


15 6 27 

(A) (B) — (C) 0 (D) — 

8 5 20 


(E) 


123 

To" 


25. Flow many distinct four-digit numbers are divisible by 3 and have 23 as 
their last two digits? 


(A) 27 (B) 30 


(C) 33 


(D) 81 


(E) 90 
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2004 AMC 1 0A Problems 

The solutions for the 2004 AMC 10A begin on page 124. 

1 . You and five friends need to raise $ 1500 in donations for a charity, dividing 
the fundraising equally. How many dollars will each of you need to raise? 

(A) 250 (B) 300 (C) 1500 (D) 7500 (E) 9000 

2. For any three real numbers a, b, and c, with b / c, the operation f is 
defined by 

If (a,b,c) = — ^ — . 

b — c 

What is | (|(1, 2, 3), |(2. 3,1), 1(3, 1,2))? 

(A) -- (B) -I (C) 0 (D) l - (E) ] - 

3. Alicia earns $20 per hour, of which 1.45% is deducted to pay local taxes. 
How many cents per hour of Alicia’s wages are used to pay local taxes? 

(A) 0.0029 (B) 0.029 (C) 0.29 (D) 2.9 (E) 29 

4. What is the value of x if |;r — 1 1 = \x — 2| ? 

(A) - X - (B) 1 (C) 1 (D) | (E) 2 

5. A set of three points is chosen randomly from the grid shown. Each three- 
point set has the same probability of being chosen. What is the probability 
that the points lie on the same straight line? 


(A) 


1 

21 





(E) 


2 

7 


6. Bertha has 6 daughters and no sons. Some of her daughters have 6 daugh- 
ters, and the rest have none. Bertha has a total of 30 daughters and grand- 
daughters, and no great-granddaughters. How many of Bertha’s daughters 
and granddaughters have no daughters? 


(A) 22 (B) 23 (C) 24 (D) 25 (E) 26 


7. A grocer stacks oranges in a pyramid-like stack whose rectangular base is 
5 oranges by 8 oranges. Each orange above the first level rests in a pocket 
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formed by four oranges in the level below. The stack is completed by a 
single row of oranges. How many oranges are in the stack? 

(A) 96 (B) 98 (C) 100 (D) 101 (E) 134 


8. A game is played with tokens according to the following rule. In each 
round, the player with the most tokens gives one token to each of the other 
players and also places one token into a discard pile. The game ends when 
some player runs out of tokens. Players A, B, and C start with 15, 14, and 
13 tokens, respectively. How many rounds will there be in the game? 

(A) 36 (B) 37 (C) 38 (D) 39 (E) 40 

9. In the Figure, ZEAB and Z A B C are right angles, AB = 4, BC = 6, 
AE = 8, and AC and BE intersect at D. What is the difference between 
the areas of A ADE and A BDC ? 

E 



(A) 2 (B) 4 (C) 5 (D) 8 (E) 9 


10. Coin A is flipped three times and coin B is flipped four times. What is the 
probability that the number of heads obtained from flipping the two fair 
coins is the same? 


(A) 


19 

128 


(B) 


23 

128 



(D) 


35 

L28 


(E) 


1 

2 


11. A company sells peanut butter in cylindrical jars. Marketing research sug- 
gests that using wider jars will increase sales. Suppose that the diameter of 
the jars is increased by 25% without altering the volume. By what percent 
must the height be decreased? 

(A) 10 (B) 25 (C) 36 (D) 50 (E) 60 


1 2. Henry ’s Hamburger Heaven offers its hamburgers with the following condi- 
ments: ketchup, mustard, mayonnaise, tomato, lettuce, pickles, cheese, and 
onions. A customer can choose one, two, or three meat patties, and any 
collection of condiments. How many different kinds of hamburgers can be 
ordered? 


(A) 24 (B) 256 (C) 768 (D) 40,320 (E) 120,960 
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13. At a party, each man danced with exactly three women and each woman 
danced with exactly two men. Twelve men attended the party. How many 
women attended the party? 

(A) 8 (B) 12 (C) 16 (D) 18 (E) 24 

14. The average value of all the pennies, nickels, dimes, and quarters in Paula’s 
purse is 20 cents. If she had one more quarter, the average value would be 
21 cents. How many dimes does she have in her purse? 

(A) 0 (B) 1 (€) 2 (D) 3 (E) 4 

15. Suppose that —4 < x < —2 and 2 < y < 4. What is the largest possible 
value of 

* + y ? 

X 

(A) -1 (B) -1 (C) 0 (D) * (E) 1 

16. The 5 x 5 grid shown contains a collection of squares with sizes from lxl 
to 5 x 5. How many of these squares contain the black center square? 



(A) 12 (B) 15 (C) 17 (D) 19 (E) 20 

17. Brenda and Sally run in opposite directions on a circular track, starting at 
diametrically opposite points. They first meet after Brenda has run 100 me- 
ters. They next meet after Sally has run 150 meters past their first meeting 
point. Each girl runs at a constant speed. What is the length of the track in 
meters? 

(A) 250 (B) 300 (C) 350 (D) 400 (E) 500 

18. A sequence of three real numbers forms an arithmetic progression with a 
first term of 9. If 2 is added to the second term and 20 is added to the third 
term, the three resulting numbers form a geometric progression. What is 
the smallest possible value for the third term of the geometric progression? 

(A) 1 (B) 4 (C) 36 (D) 49 (E) 81 
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19. A white cylindrical silo has a diameter of 30 feet and a height of 80 feet. A 
red stripe with a horizontal width of 3 feet is painted on the silo, as shown, 
making two complete revolutions around it. What is the area of the stripe 
in square feet? 


80 


(A) 120 (B) 180 (C) 240 (D) 360 (E) 480 

20. Points E and F are located on square ABCD so that A BEF is equilateral. 
What is the ratio of the area of A DEF to that of A ABE! 

D F C 


E 

A B 

(A) ^ (B) (C) a/3 (D) 2 (E) 1 + a/3 

21. Two distinct lines pass through the center of three concentric circles of 
radii 3, 2, and 1. The area of the shaded region in the diagram is 8/13 of 
the area of the unshaded region. What is the radian measure of the acute 
angle formed by the two lines? 
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TC JT _ JT JT J T 

(A) - (B) - (C) - (D) - (E) - 

8 7 6 5 4 

22. Square ABCD has side length 2. A semicircle with diameter AB is con- 
structed inside the square, and the tangent to the semicircle from C inter- 
sects side AD at E. What is the length of CE1 


D C 



A' 'B 


(A) (B) V5 (C) V6 (D) ^ (E) 5-V5 

23. Circles A, B, and C are externally tangent to each other and internally 
tangent to circle D. Circles B and C are congruent. Circle A has ra- 
dius 1 and passes through the center of circle D. What is the radius of 
circle B1 



24. Let a\ , a%, • ■ • , be a sequence with the following properties. 

(i) a i = 1, and 

(ii) ci 2 n = n ■ a„ for any positive integer n . 

What is the value of a 2 ioo? 

(A) 1 (B) 2" (C) 2 100 (D) 2 4950 (E) 2 9999 


25. Three mutually tangent spheres of radius 1 rest on a horizontal plane. A 
sphere of radius 2 rests on them. What is the distance from the plane to the 
top of the larger sphere? 


(A) 3 + 


V30 


(B) 3 + 


V69 


(C) 3 + 


v/123 


(D) “ 
9 


(E) 3 + 2V2 


3 


4 


36 


Problems 


2004 AMC 10B Problems 

The solutions for the 2004 AMC 10B begin on page 132. 

1. Each row of the Misty Moon Amphitheater has 33 seats. Rows 12 through 
22 are reserved for a youth club. How many seats are reserved for this club? 

(A) 297 (B) 330 (C) 363 (D) 396 (E) 726 

2. How many two-digit positive integers have at least one 7 as a digit? 

(A) 10 (B) 18 (C) 19 (D) 20 (E) 30 

3. At each basketball practice last week, Jenny made twice as many free 
throws as she made at the previous practice. At her fifth practice she made 
48 free throws. How many free throws did she make at the first practice? 

(A) 3 (B) 6 (C) 9 (D) 12 (E) 15 

4. A standard six-sided die is rolled, and P is the product of the five numbers 
that are visible. What is the largest number that is certain to divide PI 

(A) 6 (B) 12 (C) 24 (D) 144 (E) 720 

5. In the expression c ■ a b — d, the values of a , b, c, and d are 0, 1, 2, and 3, 
although not necessarily in that order. What is the maximum possible value 
of the result? 

(A) 5 (B) 6 (C) 8 (D) 9 (E) 10 

6. Which of the following numbers is a perfect square? 

(A) 981-99! (B) 981-100! (C) 99! • 100! (D) 991-101! 

(E) 1001-101! 

7. On a trip from the United States to Canada, Isabella took d U.S. dollars. At 
the border she exchanged them all, receiving 10 Canadian dollars for every 
7 U.S. dollars. After spending 60 Canadian dollars, she had d Canadian 
dollars left. What is the sum of the digits of dl 

(A) 5 (B) 6 (C) 7 (D) 8 (E) 9 

8. Minneapolis-St. Paul International Airport is 8 miles southwest of down- 
town St. Paul and 10 miles southeast of downtown Minneapolis. Which of 
the following is closest to the number of miles between downtown St. Paul 
and downtown Minneapolis? 

(A) 13 (B) 14 


(C) 15 


(D) 16 


(E) 17 
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9. A square has sides of length 10, and a circle centered at one of its vertices 
has radius 10. What is the area of the union of the regions enclosed by the 
square and the circle? 

(A) 200 + 25t r (B) 100 + 15n (€) 75 + IOOjt 

(D) 100 + 100;r (E) 100+ 125;r 

10. A grocer makes a display of cans in which the top row has one can and each 
lower row has two more cans than the row above it. Suppose the display 
contains 100 cans. How many rows does it contain? 

(A) 5 (B) 8 (C) 9 (D) 10 (E) 11 


1 1 . Two eight-sided dice each have faces numbered 1 through 8. When the dice 
are rolled, each face has an equal probability of appearing on the top. What 
is the probability that the product of the two top numbers is greater than 
their sum? 


(A) - 
2 


47 

(B) 

64 




55 

(O) — 
64 


(E) l 


12. An annulus is the region between two concentric circles. The concentric 
circles in the figure have radii b and c, with b > c. Let OX be a radius of 
the larger circle, let XZ be tangent to the smaller circle at Z, and let OY 
be the radius of the larger circle that contains Z. Let a = XZ, d = YZ, 
and e = XY . What is the area of the annulus? 

(A) Tta 2 (B) Ttb 2 (C) 7rc 2 (D) nd 2 (E) ire 2 


Y 



13. In the United States, coins have the following thicknesses: penny, 1.55 mm; 
nickel, 1.95 mm; dime, 1.35 mm; quarter, 1.75 mm. A stack of these coins 
is exactly 14 mm high. How many coins are in the stack? 


(A) 7 


(C) 9 


(B) 8 


(D) 10 


(E) 11 
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14. A bag initially contains red marbles and blue marbles only, with more blue 
than red. Red marbles are added to the bag until only 1/3 of the marbles 
in the bag are blue. Then yellow marbles are added to the bag until only 
1/5 of the marbles in the bag are blue. Finally, the number of blue marbles 
in the bag is doubled. What fraction of the marbles now in the bag are 
blue? 

(A) 1 (B) i (€) i (D) \ (E) \ 

15. Patty has 20 coins consisting of nickels and dimes. If her nickels were 
dimes and her dimes were nickels, she would have 70 cents more. How 
much are her coins worth? 

(A) $1.15 (B) $1.20 (C) $1.25 (D) $1.30 (E) $1.35 

16. Three circles of radius 1 are externally tangent to each other and internally 
tangent to a larger circle. What is the radius of the large circle? 



17. The two digits in Jack’s age are the same as the digits in Bill’s age, but in 
reverse order. In five years Jack will be twice as old as Bill will be then. 
What is the difference in their current ages? 

(A) 9 (B) 18 (C) 27 (D) 36 (E) 45 

18. In right triangle A ACE, we have AC = 12, CE = 16, and EA = 20. 
Points B, D, and F are located on AC, CE, and EA, respectively, so that 
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AB = 3, CD = 4, and EF = 5. What is the ratio of the area of A BDF 
to that of A ACE1 



19. In the sequence 2001, 2002, 2003, . . . , each term after the third is found by 
subtracting the previous term from the sum of the two terms that precede 
that term. For example, the fourth term is 2001 + 2002 — 2003 = 2000. 
What is the 2004 th term in this sequence? 


(A) -2004 (B) -2 (C) 0 (D) 4003 (E) 6007 


20. In A ABC points D and E lie on BC and AC, respectively. Suppose that 
AD and BE intersect at T so that AT/DT = 3 and BT / ET = 4. What 
is the value of CD/ BD ? 


B 



21. Let 1,4,... and 9, 16, . . . be two arithmetic progressions. The set S is the 
union of the first 2004 terms of each sequence. Flow many distinct numbers 
are in S? 

(A) 3722 (B) 3732 (C) 3914 (D) 3924 (E) 4007 


22. A triangle with sides of 5, 12, and 13 has both an inscribed and a circum- 
scribed circle. What is the distance between the centers of those circles? 

3\/5 7 ^ 765 9 

2 


(A) 


(B) 


(C) 715 


(D) 


(E) 
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23. Each face of a cube is painted either red or blue, each with probability 1/2. 
The color of each face is determined independently. What is the probability 
that the painted cube can be placed on a horizontal surface so that the four 
vertical faces are all the same color? 

1 5 3 7 1 

(A) - (B) — (C) - (D) — (E) - 

4 16 8 16 2 

24. In A ABC we have AB = 7, AC = 8, and BC = 9. Point D is on the 
circumscribed circle of the triangle so that AD bisects ABAC . What is the 
value of AD/ C D ? 

9 5 17 5 

(A) - (B) - (C) 2 (D) — (E) - 


25. A circle of radius 1 is internally tangent to two circles of radius 2 at points 
A and B, where AB is a diameter of the smaller circle. What is the area of 
the region, shaded in the figure, that is outside the smaller circle and inside 
each of the two larger circles? 
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2005 AMC 1 0A Problems 

The solutions for the 2005 AMC 10A begin on page 142. 

1. While eating out, Mike and Joe each tipped their server $2. Mike tipped 
10% of his bill and Joe tipped 20% of his bill. What was the difference, in 
dollars, between their bills? 

(A) 2 (B) 4 (C) 5 (D) 10 (E) 20 

2. For each pair of real numbers a ^ b, define the operation ★ as 

, a + b 

a ★ b = -. 

a — b 

What is the value of (1 ★ 2) ★ 3 ? 

(A) -j (B) -1 (C) 0 (D) i 

(E) This value is not defined. 

3. The equations 2x + 7 = 3 and bx — 10 = — 2 have the same solution for 
x. What is the value of bl 

(A) -8 (B) -4 (C) -2 (D) 4 (E) 8 

4. A rectangle with a diagonal of length x is twice as long as it is wide. What 
is the area of the rectangle? 

(A) l -x 2 (B) - 5 x 2 (C) ^x 2 (D) x 2 (E) ~x 2 

5. A store normally sells windows at $100 each. This week the store is offer- 
ing one free window for each purchase of four. Dave needs seven windows 
and Doug needs eight windows. How many dollars will they save if they 
purchase the windows together rather than separately? 

(A) 100 (B) 200 (C) 300 (D) 400 (E) 500 

6. The average (mean) of 20 numbers is 30, and the average of 30 other num- 
bers is 20. What is the average of all 50 numbers? 

(A) 23 (B) 24 (C) 25 (D) 26 (E) 27 

7. Josh and Mike live 13 miles apart. Yesterday Josh started to ride his bicycle 
toward Mike’s house. A little later Mike started to ride his bicycle toward 
Josh’s house. When they met, Josh had ridden for twice the length of time 
as Mike and at four-fifths of Mike’s rate. How many miles had Mike ridden 
when they met? 

(A) 4 (B) 5 


(€) 6 


(D) 7 


(E) 8 
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8. In the figure, the length of side AB of square ABCD is \/50, E is between 
B and H . and BE = 1. What is the the area of the inner square EFGH ? 

A B 



(A) 25 (B) 32 (C) 36 (D) 40 (E) 42 

9. Three tiles are marked X and two other tiles are marked O. The five tiles are 
randomly arranged in a row. What is the probability that the arrangement 


reads XOXOX? 

1 


(A) — 

12 


1 

(B) — 

10 




(°) j 


(E, I 


10. There are two values of a for which the equation 4x 2 + ax + 8v + 9 = 0 
has only one solution for x. What is the sum of those values of a? 

(A) -16 (B) -8 (C) 0 (D) 8 (E) 20 


11. A wooden cube n units on a side is painted red on all six faces and then cut 
into » 3 unit cubes. Exactly one-fourth of the total number of faces of the 
unit cubes are red. What is nl 


(A) 3 (B) 4 (C) 5 (D) 6 (E) 7 

12. The figure shown is called a trefoil and is constructed by drawing circular 
sectors about sides of the congruent equilateral triangles. What is the area 
of a trefoil whose horizontal base has length 2? 
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13. How many positive integers n satisfy the following condition: 

(130/I) 50 > n 100 > 2 200 ? 


(A) 0 (B) 7 (C) 12 (D) 65 (E) 125 

14. How many three-digit numbers satisfy the property that the middle digit is 
the average of the first and the last digits? 

(A) 41 (B) 42 (€) 43 (D) 44 (E) 45 

15. How many positive cubes divide 3! • 5! • 7! ? 

(A) 2 (B) 3 (C) 4 (D) 5 (E) 6 


16. The sum of the digits of a two-digit number is subtracted from the number. 
The units digit of the result is 6. How many two-digit numbers have this 
property? 

(A) 5 (B) 7 (C) 9 (D) 10 (E) 19 


17. In the five-sided star shown, the letters A, B, C , D, and E are replaced 
by the numbers 3, 5, 6, 7, and 9, although not necessarily in this order. 
The sums of the numbers at the ends of the line segments AB, BC , CD, 
DE, and EA form an arithmetic sequence, although not necessarily in this 
order. What is the middle term of the arithmetic sequence? 



18. Team A and team B play a series. The first team to win three games wins 
the series. Each team is equally likely to win each game, there are no ties, 
and the outcomes of the individual games are independent. Suppose team B 
wins the second game and team A wins the series. What is the probability 
that team B wins the first game? 

(A) I (B) I (€) i (D) i (E) I 

19. Three one-inch squares are placed with their bases on a line. The center 
square is lifted out and rotated 45°, as shown. Then it is centered and low- 
ered into its original location until it touches both of the adjoining squares. 
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How many inches is the point B from the line on which the bases of the 
original squares were placed? 



(E) 2 


20. An equiangular octagon has four sides of length 1 and four sides of length 
•J2/2, arranged so that no two consecutive sides have the same length. 
What is the area of the octagon? 


(A) - 
2 


(B) 


ls/l 


(C) 


5 + 4V2 


(D) 


4 + 5a/2 


(E) 7 


2 2 

21. For how many positive integers n does 1 + 2 + •■■ + « evenly divide 6//? 
(A) 3 (B) 5 (€) 7 (D) 9 (E) 1 1 


22. Let S be the set of the 2005 smallest positive multiples of 4, and let T be 
the set of the 2005 smallest positive multiples of 6. How many elements 
are common to S and T1 

(A) 166 (B) 333 (€) 500 (D) 668 (E) 1001 


23. Let AB be a diameter of a circle and C be a point on AB with 2 ■ AC = 
BC . Let D and E be points on the circle such that DC LAB and DE is 
a second diameter. What is the ratio of the area of A DCE to the area of 
A ABD ? 



24. For each positive integer m > 1, let P(m) denote the greatest prime factor 
of in. For how many positive integers n is it true that both P(n) = *Jn and 
P(n + 48) = y/n + 48? 


(A) 0 (B) 1 


(C) 3 


(D) 4 


(E) 5 
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25. In AABC we have AB = 25, BC = 39, and AC = 42. Points D and E 
are on AB and AC respectively, with A D = 1 9 and A E = 14. What is the 
ratio of the area of triangle ADE to the area of the quadrilateral BCED1 


(A) 


266 

1521 


19 1 19 

( B ) 75 (C) 3 fD) 56 (E) 1 
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2005 AMC 1 0B Problems 

The solutions for the 2005 AMC 10B begin on page 152. 


1. A scout troop bought 1000 candy bars at a price of five for $2. They sold 
all the candy bars at a price of two for $ 1 . What was their profit, in dollars? 

(A) 100 (B) 200 (C) 300 (D) 400 (E) 500 

2. A positive number x has the property that x% of x is 4. What is xl 

(A) 2 (B) 4 (C) 10 (D) 20 (E) 40 


3. A gallon of paint is used to paint a room. One third of the paint is used on 
the first day. On the second day, one third of the remaining paint is used. 
What fraction of the original amount of paint is available to use on the third 
day? 


(A) 


1 

10 





(E) 


5 

9 


4. For real numbers a and b, define a o b = \/ a 1 + b 2 . What is the value of 


(5 o 12)o ((-12)o (-5))? 

(A) 0 (B) y (C) 13 (D) 13\/2 (E) 26 

5. Brianna is using part of the money she earned on her weekend job to buy 
several equally-priced CDs. She used one fifth of her money to buy one 
third of the CDs. What fraction of her money will she have left after she 
buys all the CDs? 

112 2 4 

(A) - (B) - (C) - (D) - (E) - 

6. At the beginning of the school year, Lisa’s goal was to earn an A on at least 
80% of her 50 quizzes for the year. She earned an A on 22 of the first 30 
quizzes, but still achieved her goal. On at most how many of the remaining 
quizzes did she earn a grade lower than an A? 

(A) 1 (B) 2 (C) 3 (D) 4 (E) 5 


A circle is inscribed in a square, then a square is inscribed in this circle, 
and finally, a circle is inscribed in this square. What is the ratio of the area 
of the smaller circle to the area of the larger square? 


(A) — 
16 


(B) ? 


(O ^ 
16 


<D » I 


(E) - 
2 
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8. An 8-foot by 10-foot floor is tiled with square tiles of size 1 foot by 1 foot. 
Each tile has a pattern consisting of four white quarter circles of radius 1/2 
foot centered at each corner of the tile. The remaining portion of the tile is 
shaded. How many square feet of the floor are shaded? 



(A) 80 — 20jt (B) 60-10 n (C) 80-IOtt (D) 60 + 10tt 

(E) 80 + 10tt 

9. One fair die has faces 1, 1, 2, 2, 3, 3 and another has faces 4, 4, 5, 5, 6, 6. 

The dice are rolled and the numbers on the top faces are added. What is the 

probability that the sum will be odd? 

14 15 2 

(A) - (B) - (C) - (D) - (E) - 

10. In A ABC , we have AC = BC = 7 and AB = 2. Suppose that D is a 
point on line AB such that B lies between A and D and CD = 8. What is 
BD1 

(A) 3 (B) 2V3 (€) 4 (D) 5 (E) AV2 

11. The first term of a sequence is 2005. Each succeeding term is the sum of 
the cubes of the digits of the previous term. What is the 2005 th term of the 
sequence? 

(A) 29 (B) 55 (C) 85 (D) 133 (E) 250 

12. Twelve fair dice are rolled. What is the probability that the product of the 
numbers on the top faces is prime? 



13. How many numbers between 1 and 2005 are integer multiples of 3 or 4 but 
not 12? 


(A) 501 


(B) 668 (C) 835 


(D) 1002 


(E) 1169 
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14. Equilateral A ABC has side length 2, M is the midpoint of AC, and C is 
the midpoint of BD. What is the area of AC DM1 

A 



(A) Y 4 (O ^ (°) 1 (E) V2 

15. An envelope contains eight bills: 2 ones, 2 fives, 2 tens, and 2 twenties. Two 
bills are drawn at random without replacement. What is the probability that 
their sum is $20 or more? 

12 3 12 

(A) - (B) - (C) - (D) - (E) - 

16. The quadratic equation x 2 + mx + n = 0 has roots that are twice those of 
x 2 + px + m = 0, and none of m, n, and p is zero. What is the value of 
n/pl 

(A) 1 (B) 2 (C) 4 (D) 8 (E) 16 

17. Suppose that 4 a = 5, 5 b = 6 , 6 C = 7, and l d = 8 . What is a ■ b ■ c ■ dl 

(A) 1 (B) H (C) 2 (D) ^ (E) 3 

18. All of David’s telephone numbers have the form 555 -ABC-DEFG, where 
A, B, C, D, E . F, and G are distinct digits and in increasing order, and 
none is either 0 or 1. How many different telephone numbers can David 
have? 

(A) 1 (B) 2 (C) 7 (D) 8 (E) 9 

19. On a certain math exam, 10% of the students got 70 points, 25% got 80 

points, 20% got 85 points, 15% got 90 points, and the rest got 95 points. 
What is the difference between the mean and the median score on this 
exam? 

(A) 0 (B) 1 


(C) 2 


(D) 4 


(E) 5 
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20. What is the average (mean) of all 5-digit numbers that can be formed by 
using each of the digits 1, 3, 5, 7, and 8 exactly once? 

(A) 48000 (B) 49999.5 (C) 53332.8 (D) 55555 

(E) 56432.8 

21. Forty slips are placed into a hat, each bearing a number 1, 2, 3, 4, 5, 6, 7, 
8, 9, or 10, with each number entered on four slips. Four slips are drawn 
from the hat at random and without replacement. Let p be the probability 
that all four slips bear the same number. Let q be the probability that two 
of the slips bear a number a and the other two bear a number b ^ a. What 
is the value of q/ pi 

(A) 162 (B) 180 (C) 324 (D) 360 (E) 720 

22. For how many positive integers n less than or equal to 24 is n ! evenly 
divisible by \ + 2 + ■■■ + nl 

(A) 8 (B) 12 (C) 16 (D) 17 (E) 21 

23. In trapezoid ABCD we have AB parallel to DC, E as the midpoint of 
BC , and F as the midpoint of DA. The area of ABEF is twice the area of 
FECD. What is the value of AB/ DC? 

(A) 2 (B) 3 (€) 5 (D) 6 (E) 8 

24. Let x and y be two-digit integers such that y is obtained by reversing the 
digits of x. Suppose that the integers x and y also satisfy x 2 — v 2 = m 2 
for some positive integer m. What is the value of x + y + ml 

(A) 88 (B) 112 (C) 116 (D) 144 (E) 154 

25. A subset B of the set of integers from 1 to 100, inclusive, has the property 
that no two elements of B sum to 125. What is the maximum possible 
number of elements in B1 

(A) 50 (B) 51 (C) 62 (D) 65 (E) 68 
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2006 AMC 1 0A Problems 

The solutions for the 2006 AMC 10A begin on page 161. 

1. Sandwiches at Joe’s Fast Food cost $3 each and sodas cost $2 each. How 
many dollars will it cost to purchase 5 sandwiches and 8 sodas? 

(A) 31 (B) 32 (C) 33 (D) 34 (E) 35 

2. Define a ® y = x 3 — y. What is h (g> (h (g> /?) ? 

(A) -h (B) 0 (C) h (D) 2 h (E) h 3 

3. The ratio of Mary’s age to Alice’s age is 3:5. Alice is 30 years old. How 
many years old is Mary? 

(A) 15 (B) 18 (C) 20 (D) 24 (E) 50 

4. A digital watch displays hours and minutes with AM and PM. What is the 
largest possible sum of the digits in the display? 

(A) 17 (B) 19 (C) 21 (D) 22 (E) 23 

5. Doug and Dave shared a pizza with 8 equally-sized slices. Doug wanted 
a plain pizza, but Dave wanted anchovies on half of the pizza. The cost 
of a plain pizza was $8, and there was an additional cost of $2 for putting 
anchovies on one half. Dave ate all the slices of anchovy pizza and one 
plain slice. Doug ate the remainder. Each then paid for what he had eaten. 
How many more dollars did Dave pay than Doug? 

(A) 1 (B) 2 (C) 3 (D) 4 (E) 5 

6. What non-zero real value for a satisfies (7a) 14 = ( 14a) 7 ? 

(A) l - (B) 2 - (C) 1 (D) 7 (E) 14 

7. The 8x18 rectangle ABCD is cut into two congruent hexagons, as shown, 
in such a way that the two hexagons can be repositioned without overlap to 
form a square. What is y ? 


D C 



y 




A B 

(A) 6 (B) 7 (C) 8 (D) 9 (E) 10 
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8. A parabola with equation y = x 2 + bx + c passes through the points (2, 3) 
and (4, 3). What is c ? 

(A) 2 (B) 5 (C) 7 (D) 10 (E) 11 

9. How many sets of two or more consecutive positive integers have a sum of 

15? 

(A) 1 (B) 2 (C) 3 (D) 4 (E) 5 

10. For how many real values of x is \j 120 — «Jx an integer? 

(A) 3 (B) 6 (C) 9 (D) 10 (E) 11 

11. Which of the following describes the graph of the equation (x + y) 2 = 
x 2 + y 2 l 

(A) the empty set (B) one point (C) two lines (D) a circle 
(E) the entire plane 

12. Roily wishes to secure his dog with an 8-foot rope to a square shed that is 
16 feet on each side. His preliminary drawings are shown. 


8 


4 

I 

8 

8 Dog 

Rope 

II 


Which of these arrangements gives the dog the greater area to roam, and 
by how many square feet? 

(A) I, by 8;r (B) I, by 6 it (C) II, by 4 tt (D) II, by 8tt 

(E) II, by 10 t r 

13. A player pays $5 to play a game. A die is rolled. If the number on the die 
is odd, the game is lost. If the number on the die is even, the die is rolled 
again. In this case the player wins if the second number matches the first 
and loses otherwise. How much should the player win if the game is fair? 
(In a fair game the probability of winning times the amount won is what 
the player should pay.) 

(A) $12 (B) $30 (C) $50 (D) $60 (E) $100 

14. A number of linked rings, each 1 cm thick, are hanging on a peg. The top 
ring has an outside diameter of 20 cm. The outside diameter of each of the 
other rings is 1 cm less than that of the ring above it. The bottom ring has 
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an outside diameter of 3 cm. What is the distance, in cm, from the top of 
the top ring to the bottom of the bottom ring? 


20 



(A) 171 (B) 173 (C) 182 (D) 188 (E) 210 

15. Odell and Kershaw run for 30 minutes on a circular track. Odell runs clock- 
wise at 250 m/min and uses the inner lane with a radius of 50 meters. Ker- 
shaw runs counterclockwise at 300 m/min and uses the outer lane with a 
radius of 60 meters, starting on the same radial line as Odell. How many 
times after the start do they pass each other? 

(A) 29 (B) 42 (C) 45 (D) 47 (E) 50 

16. A circle of radius 1 is tangent to a circle of radius 2. The sides of A ABC 
are tangent to the circles as shown, and the sides AB and AC are congru- 
ent. What is the area of A ABC ? 



(A) — (B) 15V2 (C) — (D) 16 V2 (E) 24 

17. In rectangle AD EH , points B and C trisect AD, and points G and F 
trisect HE. In addition, AH = AC = 2. What is the area of quadrilateral 
WXYZ shown in the figure? 
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18. A license plate in a certain state consists of 4 digits, not necessarily distinct, 
and 2 letters, also not necessarily distinct. These six characters may appear 
in any order, except that the two letters must appear next to each other. 
How many distinct license plates are possible? 

(A) 10 4 ■ 26 2 (B) 10 3 ■ 26 3 (C) 5 ■ 10 4 • 26 2 (D) 10 2 ■ 26 4 

(E) 5 • 10 3 ■ 26 3 


19. How many non-similar triangles have angles whose degree measures are 
distinct positive integers in arithmetic progression? 

(A) 0 (B) 1 (C) 59 (D) 89 (E) 178 

20. Six distinct positive integers are randomly chosen between 1 and 2006, 
inclusive. What is the probability that some pair of these integers has a 
difference that is a multiple of 5? 

13 2 4 

(A) - (B) - (C) - (D) - (E) 1 

21. How many four-digit positive integers have at least one digit that is a 2 or 
a 3? 

(A) 2439 (B) 4096 (C) 4903 (D) 4904 (E) 5416 

22. Two farmers agree that pigs are worth $300 and that goats are worth $210. 
When one farmer owes the other money, he pays the debt in pigs or goats, 
with “change” received in the form of goats or pigs as necessary. (For ex- 
ample, a $390 debt could be paid with two pigs, with one goat received 
in change.) What is the amount of the smallest positive debt that can be 
resolved in this way? 


(A) $5 


(B) $10 


(C) $30 


(D) $90 


(E) $210 
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23. Circles with centers A and B have radii 3 and 8, respectively. A common 
internal tangent touches the circles at C and D, as shown. Lines A B and 
CD intersect at E, and AE = 5. What is CD ? 





(A) 13 (6) — (C) V22l (D) V255 (E) — 


24. Centers of adjacent faces of a unit cube are joined to form a regular octa- 
hedron. What is the volume of this octahedron? 







25. A bug starts at one vertex of a cube and moves along the edges of the cube 
according to the following rule. At each vertex the bug will choose to travel 
along one of the three edges emanating from that vertex. Each edge has 
equal probability of being chosen, and all choices are independent. What is 
the probability that after seven moves the bug will have visited every vertex 
exactly once? 
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2006 AMC 1 0B Problems 

The solutions for the 2006 AMC 10B begin on page 171. 


1. What is the value of (— l) 1 + (— l) 2 + • ■ • + (— l) 2006 ? 

(A) -2006 (B) -1 (C) 0 (D) 1 (E) 2006 

2. For real numbers x and y, define 

x * v = (x + y)(x - y). 

What is the value of 3 ♦ (4 ♦ 5) ? 

(A) -72 (B) -27 (C) -24 (D) 24 (E) 72 

3. A football game was played between two teams, the Cougars and the Pan- 
thers. The two teams scored a total of 34 points, and the Cougars won by a 
margin of 14 points. How many points did the Panthers score? 

(A) 10 (B) 14 (C) 17 (D) 20 (E) 24 


4. Circles of diameter 1 inch and 3 inches have the same center. The smaller 
circle is painted red, and the portion outside the smaller circle and inside 
the larger circle is painted blue. What is the ratio of the blue-painted area 
to the red-painted area? 



(E) 9 


5 . A 2 x 3 rectangle and a 3 x 4 rectangle are contained within a square without 
overlapping at any interior point, and the sides of the square are parallel to 
the sides of the two given rectangles. What is the smallest possible area of 
the square? 

(A) 16 (B) 25 (C) 36 (D) 49 (E) 64 


6. A region is bounded by semicircular arcs constructed on the side of a 
square whose sides measure 2/n, as shown. What is the perimeter of this 
region? 
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4 8 16 

(A) - (B) 2 (C) - (D) 4 (E) — 

JT JT JT 

7. Suppose that x < 0. Which of the following is equivalent to 



(A) -x (B) x (C) 1 



(E) 


8. A square of area 40 is inscribed in a semicircle as shown. What is the area 
of the semicircle? 



9. Francesca uses 100 grams of lemon juice, 100 grams of sugar, and 400 
grams of water to make lemonade. There are 25 calories in 100 grams of 
lemon juice and 386 calories in 100 grams of sugar. Water contains no 
calories. How many calories are in 200 grams of her lemonade? 

(A) 129 (B) 137 (€) 174 (D) 223 (E) 411 

10. In a triangle with integer side lengths, one side is three times as long as 

a second side, and the length of the third side is 15. What is the greatest 
possible perimeter of the triangle? 

(A) 43 (B) 44 (C) 45 (D) 46 (E) 47 

11. What is the tens digit in the sum 7! + 8! + 9! + ■ ■ • + 2006! ? 

(A) 1 (B) 3 (C) 4 (D) 6 


(E) 9 
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12. The lines x = + a and y = + b intersect at the point (1,2). What 

is a + b ? 

(A) 0 (B) ^ (C) 1 (D) 2 (E) ^ 

13. Joe and JoAnn each bought 12 ounces of coffee in a 16-ounce cup. Joe 
drank 2 ounces of his coffee and then added 2 ounces of cream. JoAnn 
added 2 ounces of cream, stirred the coffee well, and then drank 2 ounces. 
What is the resulting ratio of the amount of cream in Joe’s coffee to that in 
JoAnn’s coffee? 

6 13 14 7 

(A) - (B) — (C) 1 (D) — (E) - 

7 14 13 6 

14. Let a and b be the roots of the equation x 2 — mx + 2 = 0. Suppose that 
a + (1 /b) and b + (1/a) are the roots of the equation x 2 — px + q = 0. 
What is ql 

(A) ^ (B) n - (C) 4 (D) 9 - (E) 8 

15. Rhombus ABCD is similar to rhombus BFDE. The area of rhombus 
ABCD is 24, and ZB AD = 60°. What is the area of rhombus BFDE ? 


(A) 6 



(E) 6V3 


16. Leap Day, February 29, 2004, occurred on a Sunday. On what day of the 
week will Leap Day, February 29, 2020, occur? 

(A) Tuesday (B) Wednesday (C) Thursday (D) Friday 
(E) Saturday 


17. Bob and Alice each have a bag that contains one ball of each of the colors 
blue, green, orange, red, and violet. Alice randomly selects one ball from 
her bag and puts it into Bob’s bag. Bob then randomly selects one ball from 
his bag and puts it into Alice’s bag. What is the probability that after this 
process the contents of the two bags are the same? 


1 

To 





(E) 


1 

2 


(A) 
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18. Let a\,a 2 , ... be a sequence for which 


a\ = 2, fl 2 = 3, and 

What is 02006 ? 

1 2 
(A) 2 (B) 3 


Gn 


for each positive integer n > 3. 

Cln—2 



(D) 2 (E) 3 


19. A circle of radius 2 is centered at 0. Square <9,4 B C has side length 1. 
Sides AB and CB are extended past B to meet the circle at D and E, 
respectively. What is the area of the shaded region in the figure, which is 
bounded by BD, BE, and the minor arc connecting D and E ? 


n 

n 

D 

tv 

B 

J 

V 

A 1 


(A) 


(B) 

-(2 

2 

- V3) 

0 

KJ 

1 

(D) 

7i | V3- 1 

6 + 2 

(E) 

7 T 

T " 

1 + V3 



20. In rectangle ABCD, we have A = (6, —22), B = (2006, 178), and D = 
(8, y), for some integer y. What is the area of rectangle ABCD ? 

(A) 4000 (B) 4040 (C) 4400 (D) 40.000 (E) 40.400 


21. For a particular peculiar pair of dice, the probabilities of rolling 1, 2, 3, 4, 
5, and 6 on each die are in the ratio 1 :2:3:4:5:6. What is the probability of 
rolling a total of 7 on the two dice? 

4 18 12 

( A > 63 (B) 8 (Q 63 (D) 6 (E) 7 

22. Elmo makes N sandwiches for a fundraiser. For each sandwich he uses B 
globs of peanut butter at 40 per glob and J blobs of jam at 50 per blob. 
The cost of the peanut butter and jam to make all the sandwiches is $2.53. 
Assume that B, J , and N are positive integers with N > 1. What is the 
cost of the jam Elmo uses to make the sandwiches? 

(A) $1.05 (B) $1.25 (C) $1.45 (D) $1.65 (E) $1.85 
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23. A triangle is partitioned into three triangles and a quadrilateral by drawing 
two lines from vertices to their opposite sides. The areas of the three trian- 
gles are 3, 7, and 7, as shown. What is the area of the shaded quadrilateral? 



(A) 15 


(B) 17 


35 

(O y 


(D) 18 


, E ,f 


24. Circles with centers at O and P have radii 2 and 4, respectively, and are 
externally tangent. Points A and B on the circle with center O and points C 
and D on the circle with center P are such that AD and BC are common 
external tangents to the circles. What is the area of the concave hexagon 
AOBCPD ? 



25. Mr. Jones has eight children of different ages. On a family trip his oldest 
child, who is 9, spots a license plate with a 4-digit number in which each of 
two digits appears two times. “Look, daddy!” she exclaims. “That number 
is evenly divisible by the age of each of us kids!” “That’s right,” replies 
Mr. Jones, “and the last two digits just happen to be my age.” Which of the 
following is not the age of one of Mr. Jones’s children? 

(A) 4 (B) 5 (C) 6 (D) 7 


(E) 8 
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2007 AMC 1 0A Problems 

The solutions for the 2007 AMC 10A begin on page 181. 

1. One ticket to a show costs $20 at full price. Susan buys 4 tickets using a 
coupon that gives her a 25% discount. Pam buys 5 tickets using a coupon 
that gives her a 30% discount. How many more dollars does Pam pay than 
Susan? 

(A) 2 (B) 5 (C) 10 (D) 15 (E) 20 

2. Define 

a@b = ab — b 2 and a#b = a + b — ab 2 . 

6@2 

What is the value of ? 

6#2 

1 1111 
(A) — (B) — (C) - (D) - (E) - 

2 4 8 4 2 

3. An aquarium has a rectangular base that measures 100 cm by 40 cm and 
has a height of 50 cm. It is filled with water to a height of 40 cm. A brick 
with a rectangular base that measures 40 cm by 20 cm and a height of 10 
cm is placed in the aquarium. By how many centimeters does the water 
rise? 

(A) 0.5 (B) 1 (C) 1.5 (D) 2 (E) 2.5 

4. The larger of two consecutive odd integers is three times the smaller. What 
is their sum? 

(A) 4 (B) 8 (C) 12 (D) 16 (E) 20 

5. A school store sells 7 pencils and 8 notebooks for $4.15. It also sells 5 pen- 
cils and 3 notebooks for $1.77. How much do 16 pencils and 10 notebooks 
cost? 

(A) $4.76 (B) $5.84 (€) $6.00 (D) $6.16 (E) $6.32 

6. At Euclid High School, the number of students taking the AMC10 was 60 
in 2002, 66 in 2003, 70 in 2004, 76 in 2005, and 78 in 2006, and is 85 in 
2007. Between what two consecutive years was there the largest percentage 
increase? 

(A) 2002 and 2003 (B) 2003 and 2004 (C) 2004 and 2005 

(D) 2005 and 2006 (E) 2006 and 2007 
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7. Last year Mr. John Q. Public received an inheritance. He paid 20% in fed- 
eral taxes on the inheritance, and paid 10% of what he had left in state 
taxes. He paid a total of $10,500 for both taxes. How many dollars was the 
inheritance? 

(A) 30,000 (B) 32,500 (C) 35,000 (D) 37,500 (E) 40,000 

8. Triangles ABC and ADC are isosceles with AB = BC and AD = DC . 
Point D is inside A ABC, ZABC = 40°, and ZADC = 140°. What is 
the degree measure of ZB AD ? 

(A) 20 (B) 30 (€) 40 (D) 50 (E) 60 

9. Real numbers a and b satisfy the equations 3" = 8 1 h 1 2 and 125* = 5 a ~ 3 . 
What is the value of ab ? 

(A) -60 (B) -17 (C) 9 (D) 12 (E) 60 

10. The Dunbar family consists of a mother, a father, and some children. The 
average age of the members of the family is 20, the father is 48 years old, 
and the average age of the mother and children is 16. How many children 
are in the family? 

(A) 2 (B) 3 (€) 4 (D) 5 (E) 6 

1 1 . The numbers from 1 to 8 are placed at the vertices of a cube in such a 
manner that the sum of the four numbers on each face is the same. What is 
this common sum? 

(A) 14 (B) 16 (€) 18 (D) 20 (E) 24 

12. Two tour guides are leading six tourists. The guides decide to split up. 
Each tourist must choose one of the guides, but with the stipulation that 
each guide must take at least one tourist. How many different groupings of 
guides and tourists are possible? 

(A) 56 (B) 58 (C) 60 (D) 62 (E) 64 

13. Yan is somewhere between his home and the stadium. To get to the stadium 

he can walk directly to the stadium, or else he can walk home and then ride 

his bicycle to the stadium. He rides 7 times as fast as he walks, and both 

choices require the same amount of time. What is the ratio of Yan’s distance 

from his home to his distance from the stadium? 

2 3 4 5 6 

(A) - (B) - (C) - (D) - (E) - 

' 3 4 5 6 7 
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14. A triangle with side lengths in the ratio 3:4:5 is inscribed in a circle of 
radius 3. What is the area of the triangle? 

(A) 8.64 (B) 12 (C) 5n (D) 17.28 (E) 18 

15. Four circles of radius 1 are each tangent to two sides of a square and ex- 
ternally tangent to a circle of radius 2, as shown. What is the area of the 
square? 



(A) 32 (B) 22+12V2 (C) 16+16V3 (D) 48 

(E) 36+16^2 

16. Integers a , b, c, and d, not necessarily distinct, are chosen independently 
and at random from 0 to 2007, inclusive. What is the probability that ad — 
be is even? 

(A) | (B) 4 (C) \ (D) 2 (E) | 

17. Suppose that m and n are positive integers such that 15m = // 3 . What is 
the minimum possible value of m + n ? 

(A) 15 (B) 30 (C) 50 (D) 60 (E) 5700 

18. Consider the 12-sided polygon ABCDEFGH I JKL, as shown. Each of 
its sides has length 4, and each two consecutive sides form a right angle. 
Suppose that AG and CH meet at M . What is the area of quadrilateral 
ABCM ? 



D 


E 
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44 

(A) y 


(B) 16 


(C > — 


(D) 20 
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19. A paint brush is swept along both diagonals of a square to produce the 
symmetric painted area, as shown. Half the area of the square is painted. 
What is the ratio of the side length of the square to the brush width? 


(A) 2V2+1 

(E) 3V2 + 2 



(B) 3V2 (€) 2V2 + 2 


(D) 3V2+1 


20. A sphere is inscribed in a cube that has a surface area of 24 square meters. 
A second cube is then inscribed within the sphere. What is the surface area 
in square meters of the inner cube? 

(A) 3 (B) 6 (C) 8 (D) 9 (E) 12 


21. A finite sequence of three-digit integers has the property that the tens and 
units digits of each term are, respectively, the hundreds and tens digits of 
the next term, and the tens and units digits of the last term are, respectively, 
the hundreds and tens digits of the first term. For example, such a sequence 
might begin with terms 247, 475, and 756 and end with the term 824. Let 
S be the sum of all the terms in the sequence. What is the largest prime 
number that always divides S ? 

(A) 3 (B) 7 (C) 13 (D) 37 (E) 43 

22. How many ordered pairs (m . n ) of positive integers, with m > n , have the 
property that their squares differ by 96? 

(A) 3 (B) 4 (C) 6 (D) 9 (E) 12 

23. Circles centered at A and B each have radius 2, as shown. Point 0 is the 
midpoint of AB, and CM = 2\/2. Segments OC and OD are tangent to 
the circles centered at A and B, respectively, and EF is a common tangent. 
What is the area of the shaded region ECODF ? 
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(A) (B) 8 V 2-4 -7T (C) 4^2 (D) 4 V 2 +- 

3 8 

(E) 8V2-2— | 

24. Suppose that the number a satisfies the equation 4 = a + a~ l . What is the 
value of a A + a~ A ? 

(A) 164 (B) 172 (C) 192 (D) 194 (E) 212 

25. For each positive integer n . let S(n) denote the sum of the digits of n. For 
how many values of n is n + S(n) + S(S(n)) = 2007 ? 

(A) 1 (B) 2 (€) 3 (D) 4 (E) 5 
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2007 AMC 1 0B Problems 

The solutions for the 2007 AMC 10B begin on page 192. 


1. Isabella’s house has 3 bedrooms. Each bedroom is 12 feet long, 10 feet 
wide, and 8 feet high. Isabella must paint the walls of all the bedrooms. 
Doorways and windows, which will not be painted, occupy 60 square feet 
in each bedroom. How many square feet of walls must be painted? 

(A) 678 (B) 768 (C) 786 (D) 867 (E) 876 

2. Define the operation ★ by 

a * b = (a + b)b. 

What is the value of (3 ★ 5) — (5 ★ 3) ? 

(A) -16 (B) -8 (C) 0 (D) 8 (E) 16 

3. A college student drove his compact car 120 miles home for the weekend 
and averaged 30 miles per gallon. On the return trip the student drove his 
parents’ SUV and averaged only 20 miles per gallon. What was the average 
gas mileage, in miles per gallon, for the round trip? 

(A) 22 (B) 24 (C) 25 (D) 26 (E) 28 

4. The point O is the center of the circle circumscribed about A ABC , with 
ABOC = 120° and ZAOB = 140°, as shown. What is the degree mea- 
sure of ZABC ? 


(A) 35 



5. In a certain land, all Arogs are Brafs, all Crups are Brafs, all Dramps are 
Arogs, and all Crups are Dramps. Which of the following statements is 
implied by these facts? 

(A) All Dramps are Brafs and are Crups. 

(B) All Brafs are Crups and are Dramps. 

(C) All Arogs are Crups and are Dramps. 

(D) All Crups are Arogs and are Brafs. 

(E) All Arogs are Dramps and some Arogs may not be Crups. 
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6. The 2007 AMC 10 will be scored by awarding 6 points for each correct 
response, 0 points for each incorrect response, and 1.5 points for each 
problem left unanswered. After looking over the 25 problems, Sarah has 
decided to attempt the first 22 and leave only the last 3 unanswered. How 
many of the first 22 problems must she solve correctly in order to score at 
least 100 points? 

(A) 13 (B) 14 (C) 15 (D) 16 (E) 17 

7. All sides of the convex pentagon ABCDE are of equal length, and ZA = 
ZB = 90°. What is the degree measure of ZE ? 

(A) 90 (B) 108 (C) 120 (D) 144 (E) 150 

8. On the trip home from the meeting where this AMC 10 was constructed, 
the Contest Chair noted that his airport parking receipt had digits of the 
form bbcac, where 0<a<b<c<9, and b was the average of a and c. 
How many different five-digit numbers satisfy all these properties? 

(A) 12 (B) 16 (C) 18 (D) 20 (E) 24 

9. A cryptographic code is designed as follows. The first time a letter appears 
in a given message it is replaced by the letter that is 1 place to its right 
in the alphabet (assuming that the letter A is one place to the right of the 
letter Z). The second time this same letter appears in the given message, it 
is replaced by the letter that is 1 + 2 places to the right, the third time it is 
replaced by the letter that is 1 + 2 + 3 places to the right, and so on. For 
example, with this code the word “banana” becomes “cbodqg”. What letter 
will replace the last letter s in the message 

“Lee’s sis is a Mississippi miss, Chriss!”? 

(A) g (B) h (C) o (D) s (E) t 

10. Two points B and C are in a plane. Let S be the set of all points A in the 
plane for which A ABC has area 1. Which of the following describes S ? 

(A) two parallel lines (B) a parabola (C) a circle (D) a line segment 
(E) two points 


11. A circle passes through the three vertices of an isosceles triangle that has 
two sides of length 3 and a base of length 2. What is the area of this 
circle? 



(A) 2tt 


(D) 3tt 



2007 AMC 1 0B Problems 


67 


12. Tom’s age is T years, which is also the sum of the ages of his three children. 
His age N years ago was twice the sum of their ages then. What is the value 
of T/N ? 

(A) 2 (B) 3 (C) 4 (D) 5 (E) 6 

13. Two circles of radius 2 are centered at (2, 0) and at (0, 2). What is the area 
of the intersection of the interiors of the two circles? 

(A) 71—2 (B) | (C) (D) 2(7T - 2) (E) it 

14. Some boys and girls are having a car wash to raise money for a class trip 
to China. Initially 40% of the group are girls. Shortly thereafter two girls 
leave and two boys arrive, and then 30% of the group are girls. How many 
girls were initially in the group? 

(A) 4 (B) 6 (C) 8 (D) 10 (E) 12 

15. The angles of quadrilateral ABCD satisfy 

ZA = 2 ZB = 3ZC = 4 ZD. 

What is the degree measure of ZA, rounded to the nearest whole number? 
(A) 125 (B) 144 (C) 153 (D) 173 (E) 180 

16. A teacher gave a test to a class in which 10% of the students are juniors 
and 90% are seniors. The average score on the test was 84. The juniors all 
received the same score, and the average score of the seniors was 83. What 
score did each of the juniors receive on the test? 

(A) 85 (B) 88 (C) 93 (D) 94 (E) 98 

17. Point P is inside equilateral A ABC . Points Q, R, and S are the feet of 
the perpendiculars from P to AB, B C , and CA, respectively. Given that 
PQ = 1, PR = 2, and PS = 3, what is the value of AB ? 

(A) 4 (B) 3V3 (C) 6 (D) 4V3 (E) 9 

18. A circle of radius 1 is surrounded by 4 circles of radius r as shown. What 
is the value of r ? 



(A) V2 (B) 1 + V2 (C) a/6 


(D) 3 (E) 2 +72 
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19. The wheel shown is spun twice, and the randomly determined numbers op- 
posite the pointer are recorded. The first number is divided by 4, and the 
second number is divided by 5. The first remainder designates a column, 
and the second remainder designates a row on the checkerboard shown. 
What is the probability that the pair of numbers designates a shaded square? 

4 | 

3 

2 

i nzc 

1 2 3 

5 2 

( D) ^ (E) 3 

20. A set of 25 square blocks is arranged into a 5 x 5 square. How many differ- 
ent combinations of 3 blocks can be selected from that set so that no two 
are in the same row or column? 

(A) 100 (B) 125 (C) 600 (D) 2300 (E) 3600 



21. Right A ABC has AB = 3 , BC = 4, and AC = 5. Square XYZW 
is inscribed in A ABC with X and Y on AC, W on AB, and Z on BC. 
What is the side length of the square? 


C 

3 60 12 23 

(A) - (B) - (C) - (D) - (E) 2 

22. A player chooses one of the numbers 1 through 4. After the choice has been 
made, two regular four-sided (tetrahedral) dice are rolled, with the sides of 
the dice numbered 1 through 4. If the number chosen appears on the bottom 
of exactly one die after it is rolled, then the player wins $1. If the number 
chosen appears on the bottom of both of the dice, then the player wins $ 2 . 
If the number chosen does not appear on the bottom of either of the dice, 
the player loses $1. What is the expected return to the player, in dollars, for 
one roll of the dice? 

(A) ~\ (B) -1 (C) 0 (D) 1 (E) I 

23. A pyramid with a square base is cut by a plane that is parallel to its base 
and is 2 units from the base. The surface area of the smaller pyramid that 
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is cut from the top is half the surface area of the original pyramid. What is 
the altitude of the original pyramid? 

(A) 2 (B) 2 + V2 (C) 1 + 2V2 (D) 4 (E) 4 + 2^2 

24. Let n denote the smallest positive integer that is divisible by both 4 and 9, 
and whose base-10 representation consists of only 4’s and 9’s, with at least 
one of each. What are the last four digits of n ? 

(A) 4444 (B) 4494 (C) 4944 (D) 9444 (E) 9944 

25. How many pairs of positive integers (a, b) are there such that a and b have 
no common factors greater than 1 and 

a 14 b 
b + 9 a 

is an integer? 

(A) 4 (B) 6 (C) 9 (D) 12 (E) infinitely many 
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2000 AMC 10 Solutions 

The problems for the 2000 AMC 10 begin on page 1. 

1. ANSWER (E) Factor 2001 into primes to get 2001 = 3 • 23 ■ 29. The 
largest possible sum of three distinct factors whose product is 2001 is the 
one which combines the two largest prime factors, namely I = 23 ■ 29 = 
667, M = 3, and 0 = 1, so the largest possible sum is 1 + 3 + 667 = 671. 

2. ANSWER (A) 2000(2000 20 °°) = (2000 1 )(2000 20 °°) = 2000 (1+2000) = 
2000 2001 . All the other options are greater than 2000 2001 . 

3. ANSWER (B) Since Jenny ate 20% of the jellybeans remaining each day, 
80% of the jellybeans are left at the end of each day. If x is the number of 
jellybeans in the jar originally, then (0.8) 2 x = 32. Thus x = 50. 

4. ANSWER (D) Since Chandra paid an extra $5.06 in January, her Decem- 
ber connect time must have cost her $5.06. Therefore, her monthly fee is 
$12.48 -$5.06 = $7.42. 

5. ANSWER (B) By the Triangle Midsegment Theorem, MN = AB /2. 
Since the base AB and the altitude to A B of A ABP do not change, the 
area does not change. The altitude of the trapezoid is half that of the trian- 
gle, and the bases do not change as P changes, so the area of the trapezoid 
does not change. Only the perimeter changes (reaching a minimum when 
A ABP is isosceles). 


P 



6. ANSWER (C) The sequence of units digits is 

1, 1,2, 3, 5, 8, 3, 1,4, 5, 9, 4, 3, 7, 0,7, 7,4, 1,5,6 

The digit 6 is the last of the 10 digits to appear. 

7. ANSWER (B) Both triangles APD and CBD are 30—60—90° triangles. 
Thus DP = 2V3/3 and DB = 2. Since ZBDP = ZPBD, it follows 
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that PB = PD = 2 -s/3/ 3. Hence the perimeter of A BDP is 2 \/3/3 + 
2V3/3 + 2 = 2 + 4V3/3. 


A P B 



8. ANSWER (D) Let / and s represent the numbers of freshmen and sopho- 
mores at the school, respectively. According to the given condition, 
(2/5)/ = ( 4 / 5) .V . Thus, / = 2s. That is, there are twice as many fresh- 
men as sophomores. 

9. ANSWER (C) Since x < 2, it follows that \x — 2| = 2 — x. If 2 — x = p, 
then x = 2 — p. Thus x — p = 2 — 2 p. 

10. ANSWER (D) By the Triangle Inequality, each of x and y can be any 
number strictly between 2 and 10, so 0 < \x — y\ < 8. Therefore, the 
smallest positive number that is not a possible value of \x — y\ is 10 — 
2 = 8 . 

11. ANSWER (C) There are five prime numbers satisfying the conditions: 
5, 7, 11, 13, and 17. Hence the product of any two of these is odd and the 
sum is even. Because xy — (x + y) = (x — l)(y — 1) — 1 increases as 
either x or y increases, the answer must be a number that is no smaller 
than 23 = 5 • 7 — (5 + 7) and no larger than 191 = 13 • 17 — (13 + 
17). The only possibility among the options is 119 which is 11 • 13 — 
(11 + 13). 

12. ANSWER (C) Calculating the number of squares in the first few figures 


uncovers a pattern. 


fig 0: 

2(0) + 1 

= 2(0 2 ) + 1 

fig 1: 

2(1) + 3 

= 2(1 2 ) + 3 

fig 2: 

2(1 + 3) + 5 

= 2(2 2 ) + 5 

fig 3: 

2(1 + 3 + 5) + 7 

= 2(3 2 ) + 7 

fig 4: 

2(1 + 3 + 5 + 7) + 9 

= 2(4 2 ) + 9 

fig n: 

2(1 + 3 + 5 + • • • + (2 n — 1)) + 2n + 1 

= 2 n 2 + 2/7 + 1 
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Therefore the 100 th figure has 2(100 2 ) + 2 • 100 + 1 = 20201. 

OR 

Each figure can be considered as a large square with identical small pieces 
deleted from each of the four corners. Figure 1 has 3 2 — 4(1) unit squares, 
figure 2 has 5 2 — 4( 1 + 2) unit squares, and figure 3 has 7 2 — 4 • ( 1 + 2 + 3) 
unit squares. In general, the figure n has 

(2 n + l) 2 — 4(1 + 2 + ■ ■ • + n) = (2 n + l) 2 — 2 n(n + 1). 

Thus figure 100 will consist of 20 1 2 — 200(101) = 20201 unit squares. 

OR 

The number of unit squares in the « th figure is the sum of the first n positive 
odd integers plus the sum of the first n + 1 positive odd integers. Since the 
sum of the first k positive odd integers is k 2 , the number of unit squares in 
the ;t th figure is n 2 + (n + l) 2 . So the number of unit squares in the 100 th 
figure is 100 2 + 101 2 = 20201. 

13. ANSWER (B) To avoid having two yellow pegs in the same row or col- 
umn, there must be exactly one yellow peg in each row and in each column. 
Hence the peg in the first row must be yellow, the second peg of the second 
row must be yellow, the third peg of the third row must be yellow, etc. To 
avoid having two red pegs in some row, there must be a red peg in each of 
rows 2,3,4, and 5. The red pegs must be in the first position of the second 
row, the second position of the third row, etc. Continuation yields exactly 
one ordering that meets the requirements, as shown. 



14. ANSWER (C) Note that the integer average condition means that the sum 
of the scores of the first n students is congruent to 0 (mod n) (see Note 
below). The scores of the first two students must be both even or both odd, 
and the sum of the scores of the first three students must be divisible by 3. 
The remainders when 71, 76, 80, 82, and 91 are divided by 3 are 2, 1,2, 1, 
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and 1, respectively. Thus the only sum of three scores divisible by 3 is 
76 + 82+ 91 = 249, which is congruent to l(mod 4). So the score of the 
fourth student must be congruent to 3(mod 4), and the only possibility is 
71, leaving 80 as the score of the fifth student. 

NOTE: To say u is congruent to /(mod n ) means that u — i is divisible 
by n. 

15. ANSWER (E) Find the common denominator and replace the ab in the 
numerator with a — b to get 

a b , a 2 + b 2 - (ab) 2 

-+--ab= — 

b a ab 

_ a 2 + b 2 -(a-b) 2 

ab 

a 2 + b 2 — (a 2 — lab + b 2 ) 
ab 

lab 

= hb =2 ' 

OR 

a b 

Note that a = a/b — 1 and b = 1 — b /a. It follows that — H ab = 

b a 



16. ANSWER (B) Extend DC to F. Triangles FA E and DBF are similar 
with ratio 5 : 4. Thus AE = 5 ■ AB/ 9, AB = V3 2 + 6 2 = V45 = 3^5, 
and AE = 5(3V5)/9 = 5^5/3. 



OR 

Coordinatize the points so that A = (0, 3), B = (6, 0), C = (4, 2), and 
D = (2,0). Then the line through A and B is given by x + 2 y = 6, and the 
line through C and D is given by x — y = 2. Solve these simultaneously 
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to get E = (10/3, 4/3) . Hence 

AE = yj (10/3 — 0) 2 + (4/3 — 3) 2 = ^125/9 = 5^5/3. 

17. ANSWER (D) Neither of the exchanges quarter — » five nickels nor nickel 
— > five pennies changes the value of Boris’s coins. The exchange penny — > 
five quarters increases the value of Boris’s coins by $1.24. Hence, Boris 
must have $.01 + $1.24/7 after n uses of the last exchange. Only option D 
is of this form: 745 = 1 + 124 • 6. In cents, option A is 115 more than a 
multiple of 124, B is 17 more than a multiple of 124, C is 10 more than a 
multiple of 124, and E is 39 more than a multiple of 124. 

18. ANSWER (C) At any point on Charlyn’s walk, she can see all the points 

inside a circle of radius 1 km. The portion of the viewable region inside 
the square consists of the interior of the square except for a smaller square 
with side length 3 km. This portion of the viewable region has area (25 — 
9) km 2 . The portion of the viewable region outside the square consists of 
four rectangles, each 5 km by 1 km, and four quarter-circles, each with a 
radius of 1 km. This portion of the viewable region has area 4(5 + = 

(20 + ji) km 2 . The area of the entire viewable region is 36 + tt ss 39 km 2 . 



19. ANSWER (C) Notice that AMC + AM + MC + CA = (A + 1)(M+ 1) 
(C + 1) — (A + M + C) — 1 = pqr — 11, where p , q, and r are positive 
integers whose sum is 13. A simple case analysis shows that pqr is largest 
when two of the numbers p , q, r are 4 and the third is 5. Thus the answer 
is 4 ■ 4 • 5 - 1 1 = 69. 

20. Answer (B) From the conditions we can conclude that some creepy 
crawlers are ferocious (since some are alligators). Hence, there are some 
ferocious creatures that are creepy crawlers, and thus II must be true. The 
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diagram below shows that the only conclusion that can be drawn is exis- 
tence of an animal in the region with the dot. Thus, neither I nor III follows 
from the given conditions. 



21. ANSWER (C) Suppose that the whole family drinks x cups of milk and 
y cups of coffee. Let n denote the number of people in the family. The 
information given implies that x/4 + y / 6 = (x + y)/n. This leads to 

3 x(n — 4) = 2y(6 — n). 

Since x and y are positive, the only positive integer n for which both sides 
have the same sign is n = 5. 

OR 

If Walter drinks c cups of coffee and m cups of milk, then 0 < c < 1 and 
m + c = 1. The number of people in the family is 6c + 4m = 4 + 2c, 
which is an integer if and only if c = 1/2. Thus there are five people in the 
family. 

22. ANSWER (E) If x were less than or equal to 2, then 2 would be both 
the median and the mode of the list. Thus x > 2. Consider the two cases 
2 < x < 4, and x > 4. 

Case 1: If 2 < x < 4, then 2 is the mode, x is the median, and (25 + x)/7 
is the mean, which must equal 2 — (x — 2) , (x + 2)/2, or x + (x — 2), 
depending on the size of the mean relative to 2 and x. These give x = 
3/8, x = 36/5, and x = 3, of which x = 3 is the only value between 2 
and 4. 

Case 2: If x > 4, then 4 is the median, 2 is the mode, and (25 + x)/7 is the 
mean, which must be 0, 3, or 6. Thus x = —25, —4, or 17, of which 17 is 
the only one of these values greater than or equal to 4. Thus the x-values 
sum to 3 + 17 = 20. 
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23. Answer (B) Let* = 9z. Then /(9z/3) = f(3z) = 81z 2 + 9z+l = 7. 
Simplifying and solving the equation for z yields 81z 2 + 9z — 6 = 0, so 
3(3z + l)(9z — 2) = 0. Thus z = —1/3 or z = 2/9. The sum of these 
values is —1/9. 

The answer could also be obtained by using the sum-of-roots formula on 
81z 2 + 9z — 6 = 0. The sum of the roots is —9/81 = —1/9. 

24. ANSWER (A) Note that if a Tuesday is d days after a Tuesday, then 
d = 0 (mod 7) (see Note below). Next, we need to consider whether any 
of the years A — 1 , A, A + 1 is a leap year. If A is not a leap year, the 
200 th day of year A + 1 is 365 — 300 + 200 = 265 days after a Tuesday, 
and thus is a Monday, since 265 = 6 (mod 7). If A is a leap year, the 
200 th day of year A + 1 is 266 days after a Tuesday, and thus is another 
Tuesday, as given. It follows that A is a leap year, and that A — 1 is not a 
leap year. The 100 th day of year A — 1 precedes a Tuesday in year A by 
365 — 100 + 300 = 565 days, and thus is a Thursday, since 565 = 5(mod 
7). 

NOTE: To say u is congruent to /(mod n ) means that u — / is divisible 
by n. This relationship is often written as u = /(mod «). 

25. ANSWER (D) Without loss of generality, let the side of the square have 
length 1 unit and let the area of triangle ADF be m. Let AD = r and 
EC = s. Because triangles ADF and FEC are similar, s / 1 = 1 / r . Since 
jr = in, the area of triangle FEC is s/2 = 1/2 r = 1/4 m. 
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2001 AMC 10 Solutions 

The problems for the 2001 AMC 10 begin on page 6. 

1. ANSWER (E) The middle number in the 9-number list is n + 6, which 
is given as 10. Thus n = 4. Add the terms together to get 9 n + 63 = 
9 • 4 + 63 = 99. Thus the mean is 99/9 =11. 

2. ANSWER (C) The reciprocal of x is 1/x, and the additive inverse of x 
is —x. The product of these is (1/x) • (— x) = —1. So x = — 1 + 2 = 1, 
which is in the interval 0 < x < 2. 

3. ANSWER (E) Suppose the two numbers are a and b. Then the desired 
sum is 

2 (a + 3) + 2(b + 3) = 2 (a + b) + 12 = 2S + 12. 

4. ANSWER (E) The circle can intersect at most two points of each side of 
the triangle, so the number can be no greater than six. The figure shows 
that the number can indeed be six. 



5. ANSWER (D) Exactly six have at least one line of symmetry. They are: 
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6. ANSWER (E) Suppose N = 10 a + b. Then 10a + b = ab + (a + b). 
It follows that 9 a = ab, which implies that b = 9, since a/0. Note that 
the numbers 19, 29, 39, . ... 99 all meet the required condition. 

7. ANSWER (C) Let x be the number. Moving the decimal point four places 
to the right is the same as multiplying x by 10000. That is, lOOOOx = 
4 • (1/x), which is equivalent to x 2 = 4/10000. Since x is positive, it 
follows that x = 2/100 = 0.02. 

8. ANSWER (B) The number of school days until they will next be together 
is the least common multiple of 3, 4, 6, and 7, which is 3 • 2 2 • 7 = 84. 


9. 


ANSWER (B) Because Kristin’s tax was more than p% of her income, 
she earned more than $28,000. Suppose her annual income is x dollars. 
Then 


iS)- 28000 + w- ( "- 28000) 


p + 0.25 


100 


Multiplying both sides by 100 and expanding yields 


28000 p + px + 2x — 28000p — 56000 = px + 0.25x. 
So 1.75* =\x = 56000 and x = 56000/1.75 = 32000. 


10. Answer (D) Since 

_ 24 _ 48 

T z ’ 

we have z = 2y. So 72 = 2y 2 , which implies that y = 6, x = 4, and 
z = 12. Hence x + y + z = 22. 

OR 

Take the product of the equations to get xy ■ xz ■ yz = 24 • 48 • 72. Thus 
(xyz) 2 = 2 3 • 3 • 2 4 • 3 • 2 3 • 3 2 = 2 10 • 3 4 . 

So (xyz) 2 = (2 5 • 3 2 ) 2 , and we have xyz = 2 5 ■ 3 2 . Therefore 

xyz 2 5 ■ 3 2 

Y — — — A 

yz 2 3 • 3 2 


From this it follows that y = 6 and z = 12, so the sum is 4 + 6+ 12 = 22. 
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11. ANSWER (C) The / 2 th ring can be partitioned into four rectangles. Two of 
these rectangles contain 2 // + 1 unit squares and two contain 2 n — 1 unit 
squares. So there are 

2(2/2 + 1) + 2(2« - 1) = 8// 

unit squares in the /z th ring. Thus, the 100 th ring has 8 • 100 = 800 unit 
squares. 

OR 

The /2 th ring can be obtained by removing a square of side 2/2 — 1 from a 
square of side 2/2 + 1 . So it contains 

(2// + l) 2 — (2/2 — l) 2 = (4/z 2 + 4/z + 1) — (4/z 2 — 4/; + 1) = 8/2 
unit squares. 

12. ANSWER (D) In any triple of consecutive integers, at least one is even and 
one is a multiple of 3. Therefore the product of the three integers is both 
even and a multiple of 3. Since 7 is a divisor of the product, the numbers 6, 
14, 21, and 42 must also be divisors of the product. However, 28 contains 
two factors of 2, and n need not. For example, 5 • 6 • 7 is divisible by 7, but 
not by 28. 

13. ANSWER (E) The last four digits (GHIJ) are either 9753 or 7531, and the 
remaining odd digit (either 1 or 9) is A, B, or C. Since A + B + C = 9, 
the odd digit among A, B, and C must be 1. Thus the sum of the two even 
digits in ABC is 8. The three digits in DEF are 864, 642, or 420, leaving 
the pairs 2 and 0, 8 and 0, or 8 and 6, respectively, as the two even digits 
in ABC. Of those, only the pair 8 and 0 has sum 8, so ABC is 810, and the 
required first digit is 8. The only such telephone number is 810-642-9753. 

14. ANSWER (A) Let // be the number of full-price tickets and p be the price 
of each in dollars. Then 

tip + (140 - n) • | = 2001, so p(n + 140) = 4002. 

Thus //+ 140 must be afactor of 4002 = 2-3-23-29. Since 0 < // < 140, we 
have 140 < // + 140 < 280. The only factor of 4002 that is in the required 
range for n + 140 is 174 = 2-3-29. Therefore n + 140 = 174, so n = 34 
and p = 23. The money raised by the full-price tickets is 34-23 = 782 
dollars. 
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15. ANSWER (C) The crosswalk is in the shape of a parallelogram with base 
15 feet and altitude 40 feet, so its area is 15 x 40 = 600 ft 2 . But viewed 
another way, the parallelogram has base 50 feet and altitude equal to the 
distance between the stripes, so this distance must be 600/50 = 12 feet. 


15 



16. ANSWER (D) Since the median is 5, we can write the three numbers as 
x, 5, and y, where 

-(x + 5 + y) = x + 10 and -(* + 5 + y) + 15 = y. 

If we add these equations, we obtain 
2 

~(x + 5 + y) + 15 = x + y + 10, 

and solving for x + y gives x + y = 25. Hence the sum of the numbers is 
x + 5 + y = 30. 

OR 

The difference between the smallest number and the largest is 10 + 15 = 
25, so let the three numbers be x, 5, and x + 25. The mean of the three 
numbers is 10 more than x, so 

— (.v T 5 T ( x T 25)) = x T 10 

Solving for x gives x = 0, so the three numbers are 0, 5, and 25, and their 
sum is 30. 

OR 

Let m be the mean of the three numbers. Then the least of the numbers is 
m — 10 and the greatest is m + 15. The middle number of the three is the 
median, 5. So 

- ({m — 10) + 5 + (m + 15)) = m 
and m = 10. Hence the sum of the three numbers is 3 • 10 = 30. 


84 


Solutions 


17. ANSWER (C) The slant height of the cone is 10, the radius of the sector. 
The circumference of the base of the cone is the same as the length of the 
sector’s arc. This is 252/360 = 7/10 of the circumference of the circle 
from which the sector is cut. The base circumference of the cone is 

7 

— • 20;r = 14 jt, 

10 

so its radius is 7. 


18. ANSWER (D) The pattern shown at left is repeated in the plane. In fact, 
nine repetitions of it are shown in the statement of the problem. Note that 
the three-by-three square shown is made up of four unit squares and four 
pentagons, and that four of the nine squares in the three-by-three square are 
not in the four pentagons that make up the three-by-three square. Therefore 
the percentage of the plane that is enclosed by pentagons is 



5 5 5 

- = 55 + - = 55-%. 
9 9 9 



19. ANSWER (D) The number of possible selections is the number of solu- 
tions of the equation 

g + c + p = 4 

where g, c, and p represent, respectively, the number of glazed, choco- 
late, and powdered donuts. The 15 possible solutions to this equation are 
(4,0,0), (0,4,0), (0,0,4), (3,0,1), (3,1,0), (1,3,0), (0,3,1), (1,0,3), 
(0, 1,3), (2,2,0), (2,0, 2), (0,2,2), (2, 1, 1), (1,2, 1), and (1, 1,2). 

OR 

Code each selection as a sequence of four * ’s and two | ’s, where each * rep- 
resents a donut and each | denotes a “separator” between types of donuts. 
For example, * * | * | * represents two glazed donuts, one chocolate donut. 
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and one powdered donut. From the six slots that can be occupied by a | or 
a *, we must choose two places for the |’s to determine a selection. Thus 
there are 

6 ! 

= 15 selections. 

2!4! 

Note: There are various notations used for choosing n objects for a collec- 
tion of m, where m > n. The most common is (™), but C™ and mCn are 
also used. In any case, the number of ways to choose n items from m items 
is ml 


20. ANSWER (B) Let x represent the length of each side of the octagon, which 
is also the length of the hypotenuse of each of the right triangles. Each leg 
of the right triangles has length xV2/2, so 


x\/2 

2 + x = 2000, 


and 


x = 


2000 a/2 - 1 


2000 


V2+ l + 1 V2 - 1 


= 2000 


- 0 - 


21. ANSWER (B) Let the cylinder have radius r and height 2 r. Since A APQ 
is similar to A A OB, we have 


12 -2r 
r 


12 

— , so r 

5 


30 

IT' 



22. ANSWER (D) Since v appears in the first row, first column, and one diag- 
onal, the sum of the remaining two numbers in each of these lines must be 
the same. Thus 

25 T 18 = 24 T w = 21 T x, 

so w = 19 and x = 22. Now 25, 22, and 19 form a diagonal with a sum of 
66, so we can find v = 23, y = 26, and r = 20. Hence y + z = 46. 
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23. ANSWER (D) Think of continuing the drawing until all five chips are 
removed from the box. There are ten possible orderings of the colors: 
RRRWW, RRWRW, RWRRW, WRRRW, RRWWR, RWRWR, WRRWR, 
RWWRR, WRWRR, and WWRRR. The six orderings that end in R rep- 
resent drawings that would have ended when the second white chip was 
drawn. 


OR 

Imagine drawing until only one chip remains. If the remaining chip is red, 
then that draw would have ended when the second white chip was removed. 
The last chip will be red with probability 3/5. 


24. ANSWER (B) Let E be the foot of the perpendicular from B to CD. 

C 



Then AB = DE and BE = AD = 7. The Pythagorean Theorem implies 
that 

AD 2 = BE 2 = BC 2 -CE 2 

= (CD + AB ) 2 - (CD - AB ) 2 
= (CD + AB + CD - AB)(CD +AB -CD + AB) 

= 4 ■ CD ■ AB. 


Hence 


AB ■ CD 


AD 2 
4 


7 2 

~4 


49 

~4 


12.25. 


25. ANSWER (B) For integers not exceeding 2001, there are 

= 500 multiples of 4. 

The total of 667 + 500 = 1167 counts the [2001/12J = 166 multiples 
of 12 twice, so there are actually 1167 — 166 = 1001 multiples of 3 or 


2001 


667 multiples of 3 and 


2001 
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4. From these we exclude the [2001/15J = 133 multiples of 15 and the 
[2001/ 20J = 100 multiples of 20, since these are multiples of 5. However, 
this excludes the [2001/60J = 33 multiples of 60 twice, so we must re- 
include these. The number of integers satisfying the conditions is 1001 — 
133 - 100 + 33 = 801. 
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2002 AMC 1 0A Solutions 

The problems for the 2002 AMC 10A begin on page 12. 


1. ANSWER (D) We have 

lO 2000 + 10 2002 _ 10 2000 (1 + 100) _ 101 
lO 2001 + 10 2001 ~ 10 20 °°(10+ 10) ~~ 20 


2. Answer (C) We have 


(2, 12,9) 


2 12 

12 + T + 


9 

2 



1 + 8 + 27 
6 


36 

~ 6 ~ 


= 6 . 


3. ANSWER (B) No matter how the exponentiations are performed, 2 2 
always gives 16. Therefore the only other possible results are 

{l l2 y = 256, l( 22 ) = 65,53 6, or (2 2 ) (2_) = 256, 

so there is one other possible value. 


4. ANSWER (E) When n = 1, the inequality becomes m < 1 + m, which 
is satisfied by all integers rn . Thus there are infinitely many of the desired 
values of m . 


5. ANSWER (C) The large circle has radius 3, so its area is tt • 3 2 = 9jt. 
The seven small circles have a total area of 7 (tt • l 2 ) = In. So the shaded 
region has area 9n — 1 7t = 2 jt. 

6. ANSWER (A) Let x be the number she was given. Her calculations pro- 
duce 

x — 9 

; = 43, so x — 9 = 129 and x = 138. 

3 

The correct answer is 


138-3 



9 
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7. ANSWER (A) Let Ca = 2jtRa be the circumference of circle A, let 
Cb = 2jt R b be the circumference of circle B, and let L the common 
length of the two arcs. Then 


«_ r 

360 °^ 


L 


30 

360 


Cb- 


Therefore 

Ca 2 2 2jtRa Ra 

Cb 3 3 2 jtRb Rb 

Thus the ratio of the areas is 

Area (Circle A) n R 2 A ( Ra\ 2 4 

Area (Circle B) jtR 2 B \Rb ) 9 


8. ANSWER (A) Draw additional lines to cover the entire figure with con- 
gruent triangles. There are 24 triangles in the blue region, 24 in the white 
region, and 16 in the red region. Thus B = W. 



9. Answer (B) Adding 1001C - 2002A = 4004 and 10015 + 3003A = 
5005 yields 1001A + 10015 + 1001C = 9009. So A + B + C = 9, and 
the average is 

A + B + C „ 


10. ANSWER (A) Factor to get 

0 = (2x + 3)(x - 4) + (2x + 3)(x - 6) = (2x + 3)(2x - 10). 

The two roots are —3/2 and 5, which sum to 7/2. 

11. ANSWER (B) First note that the amount of memory needed to store the 
30 files is 

3(0.8) + 12(0.7) + 15(0.4) = 16.8 mb. 
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so the number of disks is at least 


“* = !! + ?. 
1.44 3 


However, a disk that contains a 0.8-mb file can, in addition, hold only one 
0.4-mb file, so on each of these disks at least 0.24 mb must remain unused. 
Hence there is at least 3(0.24) = 0.72 mb of unused memory, which is 
equivalent to half a disk. Since 



+ - > 12 
2 


at least 13 disks are needed. 

To see that 13 disks suffice, note that: 


• Six disks could be used to store the 12 files containing 0.7 mb; 

• Three disks could be used to store the three 0.8-mb files together with 
three of the 0.4-mb files; 

• Four disks could be used to store the remaining twelve 0.4-mb files. 


12. ANSWER (B) Let 1 be the number of hours Mr. Bird must travel to arrive 
precisely on time. Since three minutes is the same as 0.05 hours, 40 (f + 
0.05) = 60(? -0.05). Thus 

40? + 2 = 60? — 3, so ? = 0.25. 

The distance from his home to work is 40(0.25 + 0.05) = 12 miles. There- 
fore, his average speed should be 12/0.25 = 48 miles per hour. 

OR 


Let d be the distance from Mr. Bird’s house to work, and let s be the desired 
average speed. Then the desired driving time is d/s. Since d/ 60 is three 
minutes too short and d / 40 is three minutes too long, the desired time must 
be the average, so 

d 1 / d d \ 

7 ~ 2 \60 + 40 j ' 

Thus 

i _ i / 1 1 \ _ 5 _ 1 

s~2V60 + 40/240 _ 48' 


so 5 = 48. 
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13. ANSWER (B) First notice that this is a right triangle, so two of the alti- 
tudes are the legs, whose lengths are 15 and 20. The third altitude, whose 
length is x, is the one drawn to the hypotenuse. The area of the triangle is 
(1/2)(15)(20) = 150. Using 25 as the base and x as the altitude, we have 

1 300 

- ■ 25 ■ x = 150, so x = = 12. 

2 25 



OR 

Since the three right triangles in the figure are similar, 
x 20 300 


15 25’ 


x = 


25 


= 12 . 


14. ANSWER (B) Let p and q be two primes that are roots of x 2 — 63x + k = 
0. Then 

x 2 — 63x + k = (x — p){x — q) = x 2 — (p + q)x + p ■ q, 

so p + q = 63 and p ■ q = k. Since 63 is odd, one of the primes must be 
2 and the other 61. Thus there is exactly one possible value for k, namely 
k = p-q = 2-61 = 122. 


15. ANSWER (E) The digits 2, 4, 5, and 6 cannot be the units digit of any 
two-digit prime, so these four digits must be the tens digits, and 1, 3, 7, 
and 9 are the units digits. The sum is 

10(2 + 4 + 5 + 6) + (1 + 3 + 7+ 9) = 190. 

(One set that satisfies the conditions is {23, 47, 59, 61}.) 


16. ANSWER (B) From the given information, 


(fl + 1) + (b + 2) + (c + 3) + (d + 4) — 4(a + b + c + d + 5), 
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so 

(n -\- b c 4- r/) 4- 10 = 4 (a 4- b 4- c 4 - r/) 4- 20 

and a + b + c + d = . 

3 


OR 

Note that a = d + 3, b = d + 2, and c = d + 1. So 
cl b c d = (d 4” 3) 4“ {d 4- 2) 4- {d 4-1)4 ~ d 
Thus d 4- 4 = (4 cl 4- 6) 4- 5, so d = —1/3, and 

a + b + c + d = 4 d 4-6 = 4 ^ ^ 4- 6 = - 

17. ANSWER (D) After the first transfer, the first cup contains two ounces of 
coffee, and the second cup contains two ounces of coffee and four ounces 
of cream. After the second transfer, the first cup contains 

1 1 

2 4 — -2=3 ounces of coffee and --4 = 2 ounces of cream. 

2 2 

Therefore the fraction of the liquid in the first cup that is cream is 2/(2 4- 
3) = 2/5. 

18. ANSWER (D) There are six dice that have a single face on the surface, and 
these dice can be oriented so that the face with the 1 is showing. They will 
contribute 6(1) = 6 to the sum. There are twelve dice that have just two 
faces on the surface because they are along an edge but not at a vertex of the 
large cube. These dice can be oriented so that the 1 and 2 are showing, and 
they will contribute 12(1 4- 2) = 36 to the sum. There are eight dice that 
have three faces on the surface because they are at the vertices of the large 
cube, and these dice can be oriented so that the 1, 2, and 3 are showing. 
They will contribute 8(14-24-3) = 48 to the sum. Consequently the 
minimum sum of all the numbers showing on the large cube is 6 4- 36 4- 
48 = 90. 


— 4 d 4- 6. 

10 

T' 


19. ANSWER (E) Spot can go anywhere in a 240° sector of radius two yards 
and can cover a 60° sector of radius one yard around each of the adjoining 
corners. The total area is 


jt ■ 2 


240 

360 


4-21 7T - 1 


60 

360 


3 7t. 
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20. ANSWER (D) Since A AGD is similar to AC HD , we have HC / 1 = 
AG/3. Also, A AGF is similar to A EJF, so JE / 1 = AG/5. Hence 

HC _ AG/3 _ 5 
~JE ~ AG/5 ~ 3' 

21. ANSWER (D) The values 6, 6, 6, 8, 8, 8, 8, 14 satisfy the requirements 
of the problem, so the answer is at least 14. If the largest number were 15, 

the collection would have the ordered form 7, , , 8, 8, , , 15. But 

7 + 8 + 8+15 = 38, and a mean of 8 implies that the sum of all values is 
64. In this case, the four missing values would sum to 64 — 38 = 26, and 
their average value would be 6.5. This implies that at least one would be 
less than 7, which is a contradiction. Therefore the largest integer that can 
be in the set is 14. 

22. ANSWER (C) The first operation removes ten tiles, leaving 90. The sec- 

ond and third operations each remove nine tiles leaving 81 and 72, respec- 
tively. Following this pattern, we consecutively remove 10, 9, 9, 8, 8 

2, 2, 1 tiles before we are left with only one. This requires 1+2(8)+ 1 = 18 
operations. 


OR 

Suppose we start with n 2 tiles. The first operation leaves n 2 — n tiles. The 
second operation reduces the number to 

n 2 — n — (n — 1) = (n — l) 2 tiles. 

Since two operations reduce the number from n 2 to (n — 1 ) 2 , it follows that 
2 (« — 1) applications reduce the number from n 2 to (« — (n — l)) 2 = 1. 
So 2(10 — 1) = 18 operations are required. 
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23. ANSWER (D) Let H be the midpoint of BC . Then EH is the perpendicu- 
lar bisector of AD, and A AED is isosceles. Segment EH is the common 
altitude of the two isosceles triangles A AED and A BEC , and 

EH = 710 2 - 6 2 = 8. 


Let AB = CD = x and AE = ED = y. Then 

2x + 2y + 12 = 2 • 32, so y = 26 — x. 


Thus 


8 2 + (x + 6) 2 = y 2 = (26 — xj 2 and x = 9. 



24. ANSWER (A) There are ten ways for Tina to select a pair of numbers. The 
sums 9, 8, 4, and 3 can be obtained in just one way, and the sums 7, 6, and 
5 can each be obtained in two ways. The probability for each of Sergio’s 
choices is 1/10. Considering his selections in decreasing order, the total 
probability of Sergio’s choice being greater is 


1 

To 


" 9 8 6 4 2 1 

, 1 + To + To + To + To + To + To +0 + 0 + 0 


2 

5' 


25. ANSWER (C) First drop perpendiculars from D and C to AB. Let E and 
F be the feet of the perpendiculars to A B from D and C, respectively, and 
let 

h = DE = CF, x = AE, and y = FB. 


D 39 C 



axe 39 F y B 


Then 


25 = h 2 + x 2 , 144 = h 2 + y 2 , and 13 = .r + y. 
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So 

144 = h 2 + y 2 = h 2 + ( 13— x) 2 = h 2 + x 2 + 169-26.T = 25+169-26x, 
which gives x = 50/26 = 25/13, and 



1 60 

Area(Trapezoid ABCD) = -(39 + 52) ■ — = 210. 


OR 



Since A PD C and A PA B are similar, we have 

PD _ 39 _ PC 
PD + 5 ~ 52 “ PC + 12' 

So PD = 15 and PC = 36. Note that 15, 36, and 39 are three times 5, 12, 
and 13, respectively, so A APB is a right angle. The area of the trapezoid 
is the difference of the areas of A PAB and A PDC , so 

Area(Trapezoid ABCD) = ^ ■ 20 ■ 48 - ^ • 1536 = 210. 


OR 

Draw the line through D parallel to BC , intersecting A B at E . 
D , C 


B 
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Then BCDE is a parallelogram, so DE = 12, EB = 39, and AE = 
52 — 39 = 13. Thus DE 2 + AD 2 = AE 2 , and A ADE is a right triangle. 
Let h be the altitude from D to A E , and note that 

Area(A ADE) =^-512=^-13 ■ h, 

so h = 60/13. Thus 

60 1 

Area(Trapezoid ABCD) = — • -(39+ 52) = 210. 



Solutions 


Problem Difficulty for 2002 10B 

A box indicates the correct answer choice. 
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2002 AMC 1 0B Solutions 

The problems for the 2002 AMC 10B begin on page 17. 


1. Answer (E) We have 

22001 . 32003 2 2001 . 3 2003 


52002 

2. Answer (C) We have 


92001 . 32003 3 

(2 • 3) 2002 — 2 2002 • 3 2002 ~~ 2" 


2-4-6 48 

(2,4,6) = = — = 4 . 

2 + 4+6 12 

3. ANSWER (A) The number M is equal to 

-(9 + 99 + 999 + • • • + 999,999,999) 

= 1 + 11 + 111 + •••+ 111,111,111 = 123,456,789. 

The number M does not contain the digit 0. 

4. Answer (D) Note that 

(3x — 2) (4x + 1) — (3x — 2)4x + 1 =(3x — 2)(4x + 1 — 4x) + 1 

=(3x — 2) • 1 + 1 
=3x — 1. 


When x = 4 the value is 3 • 4 — 1 = 11. 

5. ANSWER (E) The diameter of the large circle is 6 + 4 = 10, so its radius 
is 5. Hence the area of the shaded region is 

jt ■ 5 2 — n ■ 3 2 — 7T • 2 2 = tt( 25 — 9 — 4) = 12;r. 

6. Answer (B) If n > 4, then 

n 2 — 3n + 2 = (n — 1 )(n — 2) 

is the product of two integers greater than 1, and thus is not prime. For 
n = 1,2, and 3 we have, respectively, 

(1 — 1)(1 — 2) = 0, (2 — 1)(2 — 2) = 0, and (3 — 1)(3 — 2) = 2. 

Therefore n 2 — 3n + 2 is prime only when n = 3. 
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7. Answer (E) Note that 


1 1 1 1 41 1 41 

0 <-+-+-+- — — + — < — — + 1 < 2 , 

2 3 7 n 42 n 42 


so the expression is an integer if and only if it is equal to 1. Thus the only 
possible value of n is 42, which is divisible by 2, 3, 6, and 7. The only 
answer choice that is not true is (E). 


8. ANSWER (D) Since July has 4-7 + 3 = 31 days, Monday must be one 
of the last three days of July. Therefore Thursday must be one of the first 
three days of August, which also has 31 days. So Thursday must occur five 
times in August. 

9. ANSWER (D) The last “word,” which occupies position 120, is USOMA. 
Immediately preceding this we have USOAM, USMOA, USMAO, 
USAOM, and USAMO. The alphabetic position of the word USAMO is 
consequently 115. 

10. ANSWER (C) The given conditions imply that 

x 2 + ax + b = (x — a)(x — b) = x 2 — (a + b)x + ab, 


so 

a + b = —a and ab = b. 

Since b ^ 0, the second equation implies that a = 1. The first equation 
gives b = —2, so (a, b) = (1,-2). 

11. ANSWER (B) Let n — 1, n, and n + 1 denote the three integers. Then 

(n — 1) • n ■ (n + 1) = 8 • 3 n. 

Since n ^ 0, we have n 2 — 1 = 24. It follows that n 2 = 25 and n = 5. 
Thus the sum of the squares is 

(n - l) 2 + n 2 + (n + l) 2 = 16 + 25 + 36 = 77. 

12. ANSWER (E) From the given equation we have 


( x — l)(x — 6) = (x — 2)(x — k). 
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This implies that 

x 2 — lx + 6 = x 2 — (2 + k)x + 2k, 
so 

2k — 6 

( k — 5)x = 2k — 6 and x = — . 

k 5 

Hence a value of x satisfying the equation occurs unless k = 5. 

Note that when k = 6 there is also no solution for x, but this is not one of 
the answer choices. 


13. ANSWER (D) The given equation can be factored as 

0 = Sxy - 12y + 2x - 3 = 4y(2x - 3) + (2x - 3) = (4y + l)(2x - 3). 

For this equation to be true for all values of y we must have 2x — 3 = 0, 
that is, x = 3/2. 

14. Answer (B) We have 

N = \J (5 2 ) 64 • (2 6 ) 25 = 5 64 • 2 3 ' 25 = (5 • 2) 64 • 2 11 = 10 64 • 2048 
= 2048 000 — 0 . 

64 digits 

The zeros do not contribute to the sum, so the sum of the digits of N is 
2 + 4 + 8 = 14. 


15. ANSWER (E) The numbers A — B and A + B are both odd or both even. 
However, they are also both prime, so they must both be odd. Therefore 
one of A and B is odd and the other even. Because A is a prime between 
A — B and A + B, A must be the odd prime. Because 2 is both the smallest 
prime and the only even prime, it follows that B = 2. So A — 2, A, and 
A + 2 are consecutive odd primes and thus must be 3, 5, and 7. The sum 
of the four primes 2, 3, 5, and 7 is the prime number 17. 


16. Answer (D) Suppose that 


20-77 


: k 2 for some k > 0. Then 


20 k 2 
k~ + 1 


Since k 2 and k 2 + 1 have no common factors and n is an integer, k 2 + 
1 must be a factor of 20. This occurs only when k = 0, 1, 2, or 3. The 
corresponding values of n are 0, 10, 16, and 18. 
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17. ANSWER (C) Construct the right triangle A A OB as shown in the figure. 
Since AB = 2, we have AO = s[2 and AD = 2 + 2\fl. Similarly, we 
have OG = 2 + V2, so 

Area(AADG) = ^(2 + 2 V 2)(2 + s/2) = (1 + V 2)(2+ V 2) = 4+ 3 VI 



G F 


18. ANSWER (D) Each pair of circles has at most two intersection points. 
There are (Tj) = 6 pairs of circles, so there are at most 6x2= 12 points 
of intersection. 

The following configuration shows that 12 points of intersection are indeed 
possible: 



19. Answer (C) Let d = <12 — a\. Thenafc+ioo = a-k + 100(7, and 

«ioi + aio 2 + ■ ■ • + ^200 = (fli + lOOr/) + (a 2 + 1 00c/ ) + ■ ■ ■ 
-h (^too T - 100(7) = a\ + a2 + ■ ■ ■ + + 10000(7. 


Thus 


200 = 100 + 10000(7 


and 


100 

10000 


0 . 01 . 
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20. ANSWER (B) We have a + 8c = 4 + lb and 8a — c = 7 — 4 b. Squaring 
both equations and adding the results yields 

(a + 8c) 2 + (8a - cf = (4 + lb) 2 + (7 - 4b) 2 . 

Expanding gives 

65(a 2 + c 2 ) = 65(1 + b 2 ). 

So a 2 + c 2 = 1 + b 2 , and a 2 - b 2 + c 2 = 1. 


21. ANSWER (B) Let A be the number of square feet in Andy’s lawn. Then 
A/2 and A / 3 are the areas of Beth’s lawn and Carlos’ lawn, respectively, 
in square feet. Let R be the rate, in square feet per minute, that Carlos’ 
lawn mower cuts. Then Beth’s mower and Andy’s mower cut at rates of 
2 R and 3 R square feet per minute, respectively. Thus 


• Andy takes — minutes to mow his lawn, 
2 3 R 


Beth takes 


Carlos takes 


A/2 _ 

~2R ~ 
A / 3 


R 


- — minutes to mow hers, 
4 R 

A 

= — minutes to mow his. 
3 R 


A A 

Since — < — , Beth will finish first. 
4 R 3 R 


22. ANSWER (B) Let OM = a and ON = b. Then 


19 2 = (2 a) 2 + b 2 and 22 2 = a 2 + (2bf 



Hence 


5(a 2 + b 2 ) = 19 2 + 22 2 = 845. 
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It follows that 

MN = y/a 2 + b 2 = VJ69 = 13. 

Because A XOY is similar to AMON and XO = 2 ■ MO, we have 


IF = 2 • MN = 26. 



23. Answer (D) We have 

$2 = = $ 1+$1 + 1'1 = 1+1+1 = 3, 

$3 = $ 2+1 = $2 + $i+2-l = 3+ l + 2=6, 

$6 = $ 3+3 — $3 + $3 + 3- 3 = 6 + 6 + 9= 21, 

and 

$12 = $ 6+6 = $6 “H $6 “I - 6 ■ 6 = 21 + 21 + 36 = 78. 

OR 

By setting n = 1 in the given recursive equation, we obtain $ m +i = a m + 
a i + m, for all positive integers m. So $ m +i — a m = m + 1 for each 
m = 1,2,3 Hence 

$12 — $n = 12, $n — $io = 11 , $2 — $ 1 = 2. 

Summing these equalities yields $12 — $1 = 12 + 1 1 + ■ ■ • + 2. So 

12 ( 12 + 1 ) 

$12 = 12 + 11 + ■■■ + 2+ 1 = = 78. 


24. ANSWER (D) In the figure, the center of the wheel is at O, and the rider 
travels from A to B . 
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Since AC = 10 and OB = OA = 20, the point C is the midpoint of 
OA. In the right triangle OCB, we have O C half of the length of the 
hypotenuse OB, so AC OB = 60°. The wheel turns through an angle of 
360° in 60 seconds, so the time required to turn through an angle of 60° is 

60 

60 • = 10 seconds. 

360 

25. ANSWER (A) Let n denote the number of integers in the original list, and 
let m denote the original mean. Then the sum of the original numbers is 
mn. After 15 is appended to the list, we have the sum 

(777 + 2) (77 + 1) = 77777 + 15, SO 777 + 2/1 = 13. 

After 1 is appended to the enlarged list, we have the sum 

(777 + 1)(77 + 2) = 77777 + 16, SO 2777 + 77 = 14. 

Solving 7?7 + 2/7 = 13 and 2m + 77 = 14 gives m = 5 and n = 4. 
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2003 AMC 10A Solutions 

The problems for the 2003 AMC 10A begin on page 21. 


1. ANSWER (D) Each even counting number, beginning with 2, is one more 
than the preceding odd counting number. Therefore the difference is 
(1) • (2003) = 2003. 

2. ANSWER (B) The cost for each member is the cost of two pairs of socks 
and two shirts. This is 2-4 + 2(4 + 5) = 26 dollars, so there are 2366/26 = 
91 members. 


3. ANSWER (D) The total volume of the eight removed cubes is 8 x 3 3 = 
216 cubic centimeters, and the volume of the original box is 15x 10x8 = 
1200 cubic centimeters. Therefore the volume has been reduced by 


216 

1200 


• 100% = 18%. 


4. ANSWER (A) Mary walks a total of 2 km in 40 minutes. Because 40 
minutes is 2/3 hr, her average speed, in km/hr, is 2/(2 /3 ) = 3. 

5. Answer (B) Since 

0 = 2x 2 + 3x — 5 = (2x + 5)(x — 1) we have d = — - and e = 1. 
So ( d - l)(e - 1) = 0. 

OR 

If x = d and x = e are the roots of the quadratic equation ax 2 + bx + c = 
0, then 

, c , , b 

de = — and d + e = — . 
a a 

For our equation this implies that 

(d — l)(e — 1) = de — (d + e) + 1 = — - — ^ 2 ) + ^ = 


6. ANSWER (C) For example, —1070 = | — 1 — 0| = 1 ^ — 1. All the other 
statements are true: 
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(A) x^?y = \x «*»■ y\ = | — (y — x)\ = |_y — x\ = ytyx for all x and y. 

(B) 2(x < Z>y) = 2|x — y \ = \2x — 2y\ = (2x)<v>(2 y) for all x and y. 

(D) xtyx = \x — x\ = 0 for all x. 

(E) xtyy = | x — y\ >0 if x ^ y. 

7. ANSWER (B) The longest side cannot be greater than 3, since otherwise 
the remaining two sides would not be long enough to form a triangle. The 
only possible triangles have side lengths 1-3-3 or 2-2-3. 

8. ANSWER (E) The factors of 60 are 

1,2,3, 4, 5, 6, 10, 12, 15, 20, 30, and 60. 

Six of the twelve factors are less than 7, so the probability is 1/2. 

9. Answer (A) We have 



= (x(x(x3)i)i)i 
= (X(X-XI)3)J 

= (X(X2)3)3 = (X-X2)i 

. 3 „ 1 1 r - 

= (x 3 ) 3 = X 3 = yfx. 


10. ANSWER (E) If the polygon is folded before the fifth square is attached, 
then edges a and a' must be joined, as must b and b' . The fifth face of the 
cube can be attached at any of the six remaining edges. 



Cl 


11. ANSWER (E) Since the last two digits of AMC10 and AMC12 sum to 
22, we have 


AMC + AMC = 2(AMC) = 1234. 


Hence AMC = 617, so A = 6, M = 1, C = 7, and A + M + C = 6+1 + 7 = 
14. 
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12. ANSWER (A) The point (x, y) satisfies x < y if and only if it belongs 
to the shaded triangle bounded by the lines x = y, y = 1 , and x = 0, the 
area of which is 1/2. The ratio of the area of the triangle to the area of the 
rectangle is 

1/2 _ 1 

~T~ ~ 8' 

.y 



,-y = x 







X 


13. ANSWER (A) Let a, b, and c denote the three numbers. Replace a by 
four times the sum of the other two to get 

4 (b + c) + b + c = 20, so b + c = 4. 

Then replace b with 7c to obtain 

1 

7c + c = 4. so c = -. 

2 

The other two numbers are b = 7/2 and a = 16, and the product of the 
three is 


OR 


Let the first, second, and third numbers be x, lx , and 32x, respectively. 
Then 40x = 20 so x = 1/2 and the product is 

32-7-x 3 = 32-7- l = 28. 

8 


14. ANSWER (A) The largest single-digit primes are 5 and 7, but neither 75 
nor 57 is prime. Using 3, 7, and 73 gives 3-7-73 = 1533, whose digits 
have a sum of 12. 


15. Answer (€) Of the ^ 


50 integers that are divisible by 2, there are 


100 

~ 6 ~ 


= 16 


that are divisible by both 2 and 3. So there are 50 — 16 = 34 that are 
divisible by 2 and not by 3, and 34/100 = 17/50. 
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16. ANSWER (C) Powers of 13 have the same units digit as the corresponding 
powers of 3; and 

3 1 = 3, 3 2 = 9, 3 3 = 27, 3 4 = 81, and 3 5 = 243. 

Since the units digit of 3 1 is the same as the units digit of 3 5 , units digits of 
powers of 3 cycle through 3, 9, 7, and 1. Hence the units digit of 3 2000 is 1, 
so the units digit of 3 2003 is 7. The same is true of the units digit of 13 2003 . 


17. ANSWER (B) Let the triangle have vertices A, B, and C, let 0 be the 
center of the circle, and let D be the midpoint of BC . Triangle COD is 
a 30-60-90° triangle. If r is the radius of the circle, then the sides of 
A COD are r, r/2, and r\[. 3/2. The perimeter of A ABC is 


6 



= 3rV3, 


and the area of the circle is itr 2 . Thus 3/' = nr 2 , and r = (3V3 )/n . 


A 



18. ANSWER (B) Let a = 2003/2004. The given equation is equivalent to 

ax 2 + x + 1 = 0. 

If the roots of this equation are denoted r and s, then 

1 1 

rs = — and r + s = , 

a a 


so 


1 1 _ 

r s 


r + s 
rs 


OR 


If x is replaced by 1 /y, then the roots of the resulting equation are the 
reciprocals of the roots of the original equation. The new equation is 

2003 , 2003 

h 1 + y = 0 which is equivalent to y + y 4 = 0. 

2004y 4 2004 
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The sum of the roots of this equation is the negative of the linear coefficient, 
so the sum is — 1 . 

19. ANSWER (C) First note that the area of the region determined by the 
triangle topped by the semicircle of diameter 1 is 




2 


The area of the lune results from subtracting from this the area of the sector 
of the larger semicircle, 


So the area of the lune is 



4 + 8 6 4 24 


Note that the answer does not depend on the position of the lune on the 
semicircle. 

20. ANSWER (E) The largest base-9 three-digit number is 9 3 — 1 = 728 and 
the smallest base-1 1 three-digit number is 1 1 2 = 121. There are 608 inte- 
gers that satisfy 121 < n < 728, and 900 three-digit numbers altogether, 
so the probability is 608/900 ss 0.7. 

2 1 . ANSWER (D) The numbers of the three types of cookies must have a sum 
of six. Possible sets of whole numbers whose sum is six are 


0,0,6; 0,1,5; 0,2,4; 0,3,3; 1,1,4; 1,2,3; and 2,2,2. 


Every ordering of each of these sets determines a different assortment of 
cookies. There are 3 orders for each of the sets 


0,0,6; 0,3,3; and 1, 1,4. 
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There are 6 orders for each of the sets 

0, 1,5; 0,2,4; and 1,2,3. 

There is only one order for 2,2,2. Therefore the total number of assort- 
ments of six cookies is 3 • 3 + 3 • 6 + 1 = 28. 

OR 

Construct eight slots, six to place the cookies in and two to divide the 
cookies by type. Let the number of chocolate chip cookies be the num- 
ber of slots to the left of the first divider, the number of oatmeal cook- 
ies be the number of slots between the two dividers, and the number of 
peanut butter cookies be the number of slots to the right of the second di- 
vider. For example, 111 | 11 | 1 represents three chocolate chip cookies, 
two oatmeal cookies, and one peanut butter cookie. There are ( 2 j = 28 
ways to place the two dividers, so there are 28 ways to select the six 
cookies. 


22. ANSWER (B) We have EA = 5 and CH = 3. Triangles GCH and GEA 
are similar, so 

GC _ 3 CE _ GE -GC _ 1 3 _ 2 

~GE~ 5 an GE ~ GE ~~ ~~ 5 ~~ 5' 

Triangles GEE and CDE are similar, so 

GE _ CE _ 5 
~~8~~ ~ GE ~ 2’ 


and FG = 20. 


OR 


Place the figure in the coordinate plane with the origin at Z), DA on the 
positive x-axis, and DC on the positive y-axis. 
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G 



z 


B 


4 


F 


A 


y D 2 E * 


Then H = (3, 8) and A = (9, 0), so line AG has the equation 


4 


y = -g* + 12. 


Also, C = (0, 8) and E = (4, 0), so line EG has the equation 

y = —2x + 8. 

The lines intersect at (—6, 20), so FG = 20. 


23. ANSWER (C) The base row of the large equilateral triangle has 1001 
triangles pointing downward and 1002 pointing upward. This base row re- 
quires 3(1002) toothpicks since the downward pointing triangles require 
no additional toothpicks. Each succeeding row will require one less set of 
3 toothpicks, so the total number of toothpicks required is 


3(1002 + 1001 + 1000 + ■ ■ ■ + 2 + 1) = 3 • 



OR 
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Create the following table: 


Number of Rows 

Number of Triangles 
in Base Row 

Number of Toothpicks 
in All Rows 

1 

1 

3 

2 

3 

3 + 6 

3 

5 

3 + 6+9 

n 

2 n - 1 

3(1 + 2 + • • • + ti) 


Thus 

2003 = 2/1 — 1 so n = 1002. 

The number of toothpicks is 

(1002) (1003) 

3(1 + 2 + • • • + 1002) = 3- j = 1,507,509. 


24. ANSWER (E) Let Rl, . . . , R5 and B3, . . . , B6 denote the numbers on the 
red and blue cards, respectively. Note that R4 and R5 divide evenly into 
only B4 and B5, respectively. Thus the stack must be R4, B4, . . . , B5, R5, 
or the reverse. Since R2 divides evenly into only B4 and B6, we must have 
R4, B4, R2, B6, . . . , B5, R5, or the reverse. Since R3 divides evenly into 
only B3 and B6, the stack must be R4, B4, R2, B6, R3, B3, Rl, B5, R5, or 
the reverse. In either case, the sum of the middle three cards is 12. 


25. Answer (B) Note that 


n = lOOry + r = q + r + 99q. 


Because 99 is divisible by 11, q + r is divisible by 11 if and only if n is 
divisible by 11. Since 10000 < n < 99999, there are 


99999 


9999 

11 


11 


= 9090- 909 = 8181 


such numbers. 
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Problem Difficulty for 2003 10B 

A box indicates the correct answer choice. 


Problem 

% A 

% B 

% C 

% D 

1 

0.22 

1.02 

1 96.35 | 


2 

0.45 

1.16 

12.05 


3 

3.73 

1 68.87 

6.2 


4 

1 82.91 

2.44 

2.75 


5 

3.2 

3.86 

1 37.43 | 


6 

10.41 

14.79 

3.21 


7 

4.37 

1 53.7 | 

2.97 


8 

1.87 

1 11.27 

4.04 


9 

2.75 

1 27.76 

3.91 


10 

2.63 

3.3 

1 33.34 1 


11 

1 50 . 7 1 

4.87 

3.3 


12 

4.61 

4.61 

1 60.65 | 


13 

24.24 

5.75 

3.12 


14 

10.4 

4.05 

2.26 


15 

15.46 

19.87 

2.72 


16 

2.49 

2.49 

4.66 


17 

1.69 

1 15.89 

7.06 


18 

3.5 

14.21 

2.5 


19 

2.08 

2.41 

4 


20 

2.45 

3.42 

4.22 


21 

16.29 

3.2 

1 5 . 24 1 


22 

13.81 

1 23.09 

16.51 


23 

3.41 

3.19 

4.06 


24 

0.84 

1.24 

15.86 



% Omitted 
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2003 AMC 1 0B Solutions 

The problems for the 2003 AMC 10B begin on page 26. 

1. Answer (C) We have 

2- 4 + 6- 8+10-12+14 _ 2(1 - 2 + 3- 4 + 5- 6 + 7) _2 

3- 6 + 9-12+15-18 + 21 “ 3(1 — 2+3 — 4 + 5 — 6 + 7) “ 3' 

2. ANSWER (D) The cost of each day’s pills is 546/14 = 39 dollars. Let x 
denote the cost of one green pill. Then x + (x — 1) = 39, so x = 20. 

3. ANSWER (B) Let n be the smallest of the even integers. Since 

1 + 3 + 5 + 7+9+11 + 13 +15 = 64, 


we have 

60 = « + (« + 2) + (n + 4) + (n + 6) + (n + 8) = 5 n + 20, so n = 8. 

4. ANSWER (A) To minimize the cost, Rose should place the most expen- 
sive flowers in the smallest region, the next most expensive in the second 
smallest, etc. The areas of the regions are shown in the figure, so the mini- 
mal total cost, in dollars, is 

3 ■ 4 + 2.5 ■ 6 + 2 • 15 + 1.5 ■ 20 + 1 • 21 = 108. 

4 7 


5 

20 

21 



4 

15 

1 

6 



6 


5 


5. ANSWER (C) The area of the lawn is 


90- 150 = 13500 ft 2 . 
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Moe cuts about two square feet for each foot he pushes the mower forward, 
so he cuts 2(5000) = 10000 ft 2 per hour. Therefore, it takes about 


13500 

10000 


1.35 hours. 


6. ANSWER (D) The height, length, and diagonal are in the ratio 3:4:5. 
The length of the diagonal is 27, so the horizontal length is 

4 

- • 27 = 21.6 inches. 


7. ANSWER (B) The first three values in the sum are 1, the next five are 2, 
the next seven are 3, and the final one is 4 for a total of 

3-l + 5'2 + 7- 3 + l- 4 = 38. 

8. ANSWER (B) Let the sequence be denoted a, ar, ar 2 , ar 3 , . . . , with 

ar = 2 and ar 3 = 6. Then r 2 = 3 and r = \/3 or r = — V3. Therefore 
a = or a = — . 

9. ANSWER (B) Write all the terms with the common base 5. Then 

^48/x ^48/x 


5 -4 = 25- 2 


-(48-26-34)/* 


- 12 /* 


^26/* . 9^17/* ^26/* . £J34/* 

It follows that — ^ = —4, so x = 3. 

OR 

First write 25 as 5 2 . Raising both sides to the x power gives 

5 48 


-4* 


So —4x 


5 26 5 34 

-12 and x = 3. 


^48— 26— 34 _ 5-12 


10. ANSWER (C) In the old scheme 26 x 10 4 different plates could be con- 
structed. In the new scheme 26 3 x 10 3 different plates can be constructed. 
There are 

26 3 x 10 3 _ 26 2 
26 x 10 4 “ T0~ 

times as many possible plates with the new scheme. 
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11. ANSWER (A) The two lines have equations 

y — 15 = 3(x — 10) and y — 15 = 5(x — 10). 

The x -intercepts, obtained by setting y = 0 in the respective equations, 
are 5 and 7. The distance between the points (5, 0) and (7, 0) is 2. 

12. ANSWER (C) Denote the original portions for Al, Betty, and Clare as a, 
b, and c, respectively. Then 

a + b + c = 1000 and a — 100 + 2 (b + c) = 1500. 

Substituting b + c = 1000 — a in the second equation, we have 

a - 100 + 2(1000 -a) = 1500. 

This yields a = 400, which is Al’s original portion. 

Note that although we know that b + c = 600, we have no way of deter- 
mining either b or c. 

13. ANSWER (E) Let y = 4k(x). Since each digit of x is at most 9, we have 
y < 18. Thus if ♦(y) = 3, we have y = 3 or y = 12. The 3 values of 
x for which ♦(x) = 3 are 12, 21, and 30. The 7 values of x for which 
4(x) = 12 are 39, 48, 57, 66, 75, 84, and 93. Hence there are 10 values in 

all. 

14. ANSWER (D) Since a must be divisible by 5, and 3 8 • 5 2 is divisible by 
5 2 , but not by 5 3 , we have h < 2. If b = 1, then 

a b = (3 8 5 2 ) 1 = (1 64.025) 1 and a+b = 164,026. 

If b = 2, then 


a b = (3 4 5) 2 = 405 2 so a + b = 407, 
which is the smallest value. 

15. ANSWER (E) In the first round 100 — 64 = 36 players are eliminated, 
one per match. In the second round there are 32 matches, in the third 16, 
then 8, 4, 2, and 1. The total number of matches is: 


36 + 32 + 16 + 8 + 4 + 2 + 1 = 99. 
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Note that 99 is divisible by 11, but 99 does not satisfy any of the other 
conditions given as answer choices. 

OR 

In each match, precisely one player is eliminated. Since there were 100 
players in the tournament and all but one is eliminated, there must have 
been 99 matches. 


16. ANSWER (E) Let m denote the number of main courses needed to meet 
the requirement. Then the number of dinners available is 3 -m -2m = 6m 2 . 
Thus m 2 must be at least 365/6 ss 61. Since 

7 2 = 49 < 61 < 64 = 8 2 , 

8 main courses is enough, but 7 is not. 


17. ANSWER (B) Let r be the radius of the sphere and cone, and let h be the 
height of the cone. Then the conditions of the problem imply that 


3 4 .3 

4 ' 3 nf 



so h = 3 r. 


Therefore, the ratio of h to r is 3 : 1 . 


18. ANSWER (D) Among five consecutive odd numbers, at least one is divis- 
ible by 3 and exactly one is divisible by 5, so the product is always divisible 
by 15. The cases n = 2, n = 10, and n = 12 demonstrate that no larger 
common divisor is possible, since 15 is the greatest common divisor of 

3-5-7-9-11, 11 • 13- 15- 17- 19, and 13 • 15 • 17 • 19 • 21. 


19. ANSWER (E) The area of the larger semicircle is 

1 9 

- • jr • 2 2 = 2 tt . 

2 

The region deleted from the larger semicircle consists of five congruent 
sectors and two equilateral triangles. The area of each of the sectors is 


and the area of each triangle is 


1 i V3_V3 

2 ’ 1 ’ 2 ~~ 4 ’ 
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so the area of the shaded region is 


2ji — 5 ■ 





20. ANSWER (D) Let H be the foot of the perpendicular from E to DC . 



Since CD = AB = 5, it follows that EG = 2. Because A FEG is similar 
to A AEB, we have 


EH 

EH + 3 


2 

5’ 


so 5 EH = 2 EH + 6, 


and EH = 2. Hence 

1 25 

Area(A AEB) = -(2 + 3) • 5 = — . 


21. ANSWER (C) The beads will all be red at the end of the third draw 
precisely when two green beads are chosen in the three draws. If the first 
bead drawn is green, then there will be one green and three red beads in the 
bag before the second draw. So the probability that green beads are drawn 
in the first two draws is 

1 1 _ 1 
2 ’ 4 “ 8' 
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The probability that a green bead is chosen, then a red bead, and then a 
green bead, is 

1 3 1 _ 3 

2 ' 4 ’ 4 ~ 32' 

Finally, the probability that a red bead is chosen then two green beads is 

1 1 i _ i 

2 ' 2 ' 4 “ 16' 

The sum of these probabilities is 

1 3 1 _ 9 

8 + 32 + 16 “ 32' 


22. ANSWER (B) In any twelve-hour period, there are 12 half-hour chimes 
and l+2 + 3-l--"-l-12=78 on-the-hour chimes. Hence, a twelve-hour 
period results in 90 chimes. Dividing 2003 by 90 yields a quotient of 22.25. 
Therefore the 2003 rd chime will occur a little more than 1 1 days later, on 
March 9. 

23. ANSWER (D) Let O be the intersection of the diagonals of rectangle 
ABEF . Since the octagon is regular, A AOB has area 1/8. Since O is the 
midpoint of AE, A OAB and A BOE have the same area. Thus A ABE 
has area 1/4, so rectangle ABEF has area 1/2. 


A B 



OR 

Let O be the intersection of the diagonals of the square I JKL. Rectangles 
ABJI , JCDK, KEFL, and LGHI are congruent. Also IJ = AB = 
AH , so the right isosceles triangles A AIH and AJOI are congruent. By 
symmetry, the area in the center square I JKL is the sum of the areas of 
A AIH , ACJB, A EKD, and A GLF . Thus the area of rectangle ABEF 
is half the area of the octagon. 
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24. ANSWER (E) The difference of the first two terms is —2 y, so the third 
and fourth terms of the sequence must be x — 3 y and x — 5y. Thus 

x 

x — 3 y = xy and x — 5y = — , 

y 

so xy — 5 y 2 = x. Combining these equations we obtain 

{x — 3 y) — 5y 2 = x and, therefore, — 3y — 5_v 2 = 0. 

Because y cannot be 0, we have y = —3/5, and it follows that x = —9/8. 
The fifth term in the sequence is x — 7 v = 123/40. 

25. ANSWER (B) A number is divisible by 3 if and only if the sum of its 
digits is divisible by 3. So a four-digit number ab23 is divisible by 3 if and 
only if the two-digit number ab leaves a remainder of 1 when divided by 
3. There are 90 two-digit numbers, of which 90/3 = 30 leave a remainder 
of 1 when divided by 3. 
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2004 AMC 1 0A Solutions 

The problems for the 2004 AMC 10A begin on page 31. 

1. ANSWER (A) Six people are fundraising, so each must raise $1500/6 = 
$250. 

2. Answer (B) Because 

1(1. 2,3)= 2 ^ 3 =— 1. 1(2, 3,1)= = 1. and 

1(3, 1,2)= ^ = -3, 

we have 

1(1(1, 2, 3), 1(2, 3, 1), 1(3, 1,2)) = 1(— 1, 1,-3) 

-1 _ i 

- 1 — (—3) ~ ~ 4' 

3. ANSWER (E) Since $20 is 2000 cents, she pays (0.0145)(2000) = 29 
cents per hour in local taxes. 

4. ANSWER (D) The given equation implies that either 

x — 1 = x — 2 or x — 1 = —(x — 2). 

The first equation has no solution, and the solution to the second equation 
is x = 3/2. 

OR 

Because \x — a gives the distance of x from a, it must be the case that x 
is equidistant from 1 and 2. Hence x = 3/2. 

5. ANSWER (C) The number of three-point sets that can be chosen from the 
nine grid points is 



Eight of these sets consist of three collinear points. There are 3 sets of 
points that lie on vertical lines, 3 that lie on horizontal lines, and 2 that lie 
on diagonals. Hence the probability is 8/84 = 2/21. 
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6. ANSWER (E) Bertha has 30 — 6 = 24 granddaughters, none of whom 
have any daughters. The granddaughters are the children of 24/6 = 4 
of Bertha’s daughters, so the number of women having no daughters is 
30 - 4 = 26. 

7. ANSWER (C) There are five layers in the stack, and each of the top four 
layers has one less orange in its length and width than the layer on which 
it rests. Hence the total number of oranges in the stack is 

5-8 + 4- 7 + 3- 6 + 2- 5+ 1-4 = 100. 


8. ANSWER (B) After three rounds the players A , B , and C have 14, 13, 
and 12 tokens, respectively. Every subsequent three rounds of play reduces 
each player’s supply of tokens by one. After 36 rounds they have 3, 2, and 
1 token, respectively, and after the 37 th round Player A has no tokens. 


9. ANSWER (B) Let x, y and z be the areas of A ADE, ABDC , and 
A ABD, respectively. Because 

Area(A ABE) = — ■ 4 ■ 7 = 16 = x + z 


and 


Area(ABAC) = 


1 

- cot 4 • 6 = 
2 


12 = y + z. 


the requested difference is 


x — y = (x + z) — (y + z) = 16 — 12 = 4. 

10. ANSWER (D) The result will occur when both A and B have either 0, 1, 
2, or 3 heads, and these probabilities are shown in the table. 

Heads 0123 

( 13 3 1 

8 8 8 8 

14 6 4 

16 16 16 16 

The probability of both coins having the same number of heads is 
1 1 3 4 3 6 1 4 _ 35 

8’T6 + 8’l6 + 8’l6 + 8’l6 _ 128' 
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11. ANSWER (C) Let r, li, and V, respectively, be the radius, height, and 
volume of the jar that is currently being used. The new jar will have a 
radius of 1.25r and volume V. Let II be the height of the new jar. Then 

H 1 

nr 2 li = V = Jt{\.25r) 2 H, so — = = 0.64. 

h (1.25) 2 

Thus H is 64% of h, so the height must be reduced by (100—64)% = 36%. 

OR 

Multiplying the diameter by 5/4 multiplies the area of the base by (5/ 4) 2 = 
25/16, so in order to keep the same volume, the height must be multiplied 
by 16/25. Thus the height must be decreased by 9/25, or 36%. 

12. ANSWER (C) A customer makes one of two choices for each condiment, 
to include it or not to include it. The choices are made independently, so 
there are 2 8 = 256 possible combinations of condiments. For each of those 
combinations there are three choices regarding the number of meat patties, 
so there are altogether 3 • 256 = 768 different kinds of hamburger. 

13. ANSWER (D) Because each man danced with exactly three women, there 
were 12-3 = 36 pairs of men and women who danced together. Each 
woman had two partners, so 36/2 = 18 women attended. 

14. ANSWER (A) Let n is the number of coins in Paula’s purse. Then the total 
value of the coins is 20 n cents. If she had one more quarter, she would have 
n + 1 coins whose total value in cents could be expressed both as 20 n + 25 
and as 21(n + 1). Therefore 

20/t + 25 = 21 (« + 1), so n = 4. 

Paula has four coins with a total value of 80 cents, so she must have three 
quarters and one nickel. The number of dimes is 0. 


15. Answer (D) Because 


x + y 
x 


y y 

+ - and - < 0, 

x x 


the value is maximized when 


y 

x 


is minimized, 
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that is, when | y\ is minimized and |x| is maximized. So y = 2 and x = —4 
gives the largest value, which is 1 + (—1/2) = 1/2. 

16. ANSWER (D) All of the squares of size 5 x 5, 4 x 4, and 3x3 contain 
the black square and there are 

l 2 + 2 2 + 3 2 = 14 

of these. In addition, 4 of the 2x2 squares and 1 of the lxl squares contain 
the black square. This gives a total of 14 + 4 + 1 = 19. 

17. ANSWER (C) When they first meet, they have run a combined distance 
equal to half the length of the track. Between their first and second meet- 
ings, they run a combined distance equal to the full length of the track. 
Because Brenda runs at a constant speed and runs 100 meters before their 
first meeting, she runs 2 • 100 = 200 meters between their first and second 
meetings. Therefore the length of the track is 200 + 150 = 350 meters. 

18. ANSWER (A) The terms of the arithmetic progression are 9, 9 + d , and 
9+2 d for some real number d . The terms of the geometric progression 
are 9, 1 1 + d, and 29 + 2 d. Therefore 

(U + d) 2 = 9(29 + 2d) so d 2 + Ad - 140 = 0. 

Thus d = 10 or d = —14. The geometric progression when d = 10 is are 
9, 21, 49 and the geometric progression when d = —14 is 9, —3, 1. Hence 
the smallest possible value for the third term of the geometric progression 
is 1. 

19. ANSWER (C) If the stripe were cut from the silo and spread flat, it would 
form a parallelogram 3 feet wide and 80 feet high. So the area of the stripe 
is 3(80) = 240 square feet. 

20. ANSWER (D) First assume that AB = 1, and let ED = DF = x. By 
the Pythagorean Theorem 

x 2 + x 2 = EF 2 = EB 2 = l 2 + (1 - x) 2 , so x 2 = 2(1 - x). 

Hence the desired ratio of the areas is 

Area(A DEF) _ x 2 _ 

Area(A ABE) 1— x 
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21. ANSWER (B) Let 8 be the acute angle between the two lines. The area of 
shaded Region 1 in the diagram is 

2 - -o ■ i 2 = e. 

2 



2 - i(7T — 0) - (2 2 — l 2 ) = 3n — 38. 

The area of shaded Region 3 is 

2- - 8 ■ (3 2 — 2 2 ) = 56*. 

2 

Hence the total area of the shaded regions is 3 n + 38. The area bounded 
by the largest circle is 9 n , so 

3?r + 38 _ 8 

9n “ 8 + 13' 

Therefore 

63jt + 630 = Hit, 63 8 = 9n, and 8 = -. 

1 

22. ANSWER (D) Let F be the point at which CE is tangent to the semicircle, 
and let G be the midpoint of AB. 

D C 
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Because CF and CB are both tangents to the semicircle, CF = CB = 2. 
Similarly, EA = EF . Let x = EA. The Pythagorean Theorem applied to 
A CDE gives 

(2 — x) 2 + 2 2 = (2 + x) 2 so 4 — Ax + x 2 + 4 = 4 + Ax + x 2 . 

It follows that x = 1/2 and CE = 2 + x = 5/2. 

23. ANSWER (D) Let E, H , and F be the centers of circles A, B , and D, 
respectively, and let G be the point of tangency of circles B and C. Let 
x = FG and y = GH . 



Because circle A has radius 1 and passes through the center of circle D, 
the radius of circle D is 2. Applying the Pythagorean Theorem to right 
triangles EGH and FGH gives 


(1 + v) 2 = (1 + x) 2 + y 2 , so 2y = 2x + x 2 . 


and 


(2 — y) 2 = x 2 + y 2 , so 4 — 4_y = x 2 . 


From this it follows that 



As a consequence, the two solutions are 


2 (2/3) 2 8 

T’ ^ = 1 2— = n 


2) 2 

and x = —2, y = 1 = 0. 

4 


The radius of circle B is the positive solution for y, which is 8/9. 
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24. Answer (D) Note that 

a 2 1 = a 2 = a 2 .\ = 1 ■ = 2 ° • 2 ° = 2 °, 

a 2 2 = 04 = <22-2 = 2 ■ «2 = 2 1 • 2° = 2 1 , 

a 2 3 = rtg = «2-4 = 4 • #4 = 2 2 • 2 1 = 2 1+2 , 

< 2 2 4 = «i 6 = <22-8 = 8 • a s = 2 3 • 2 1+2 = 2 1+2+3 , 

and, in general, 

a 2 n = 2 1 + 2 +-+(«-!). 

Because 

1 + 2 + 3 + ■•■ + (/! — 1) = — n(/t — 1)> 

we have a 2 ioo = 2 ( - 100 ^ 99 ^ 2 = 2 4950 . 


25. ANSWER (B) Let A , B, C and E be the centers of the three small spheres 
and the large sphere, respectively. 



Then A ABC is equilateral with side length 2. Let D be the intersection 
of the medians of A ABC . Then E is directly above D. Because A E = 3 
and AD = 2 \/3/3, it follows that 


DE 



V69 

~ 


Because D is 1 unit above the plane and the top of the larger sphere 
is 2 units above E, the distance from the plane to the top of the larger 
sphere is 


3 + 


V69 


3 
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Problem Difficulty for 2004 10B 

A box indicates the correct answer choice. 


Problem 

1 

2 

3 

4 

5 

6 

7 

8 


% A 

% B 

% C 

0.57 

21.56 

1 74.29 | 

14.25 

1 62.1 1 

15.19 

1 94.84 

1.54 

0.67 

5.67 

1 24.18 

16.79 

0.48 

3.41 

10.61 

1.89 

5.06 

1 16.68 | 


9 

5.34 

10 

1.07 

11 

3.2 

12 

1 21.66 

13 

2.62 

14 

3.2 

15 

1 56.65 

16 

2.92 

17 

4.33 

18 

6.42 

19 

7 

20 

1.76 

21 

4.37 

22 

4.53 

23 

13.57 

24 

4.02 

25 

2.17 


9.56 
16.56 
2.54 
38.21 
5.29 
1 11.64 1 
3.25 
4.63 
13.68 


% Omitted 

0.84 

6.56 

1.58 

16.09 
3.26 

66.48 

42.63 
20.98 
37.59 

5.09 

32.7 

52.78 

23.63 
18.71 
28.29 
70.44 
34.66 

67.09 
48.42 
80.39 
83.05 

85.79 
64.02 
80.01 
84.77 
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2004 AMC 1 0B Solutions 

The problems for the 2004 AMC 10B begin on page 36. 

1. ANSWER (C) There are 22 — 12 + 1 = 11 reserved rows. Because there 
are 33 seats in each row, there are 33 • 1 1 = 363 reserved seats. 

2. ANSWER (B) There are 10 two-digit numbers with a 7 as their 10’s digit, 
and 9 two-digit numbers with 7 as their units digit. Because 77 satisfies 
both of these properties, the answer is 10 + 9 — 1 = 18. 

3. ANSWER (A) At Jenny’s fourth practice she made | • 48 = 24 free 
throws. At her third practice she made 12, at her second practice she made 
6, and at her first practice she made 3. 

4. Answer (B) Because 


6! = 720 = 2 4 • 3 2 • 5, 

the prime factors of P can consist of at most 2’s, 3’s, and 5’s. The least 
possible number of 2’s is two, which occurs when 4 is not visible. The 
least possible number of 3’s is one, which occurs when either 3 or 6 is not 
visible, and the least number of 5’s is zero, when 5 is not visible. Thus 
P must be divisible by 2 2 • 3 = 12, but not necessarily by any larger 
number. 

5. ANSWER (D) If d ^ 0, the value of the expression can be increased by 
interchanging 0 with the value of d. Therefore the maximum value must 
occur when d = 0. If a = 1, the value is c, which is 2 or 3. If b = 1, the 
value is c ■ a = 6. If c = 1, the value is a b , which is 2 3 = 8 or 3 2 = 9. 
Thus the maximum value is 9. 

6. ANSWER (C) Note that for m < n we have 

m\ ■ nl = (ml) 2 ■ (m + 1) • ( m + 2) n. 

Therefore m ! • n ! is a perfect square if and only if 
(m + 1) • (m + 2) n 
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is a perfect square. For the five answer choices, that quantity is 
99, 99- 100, 100, 100- 101, and 101, 
and of those only 100 is a perfect square. Therefore the answer is 99! • 100!. 

7. ANSWER (A) Isabella received 10 d /7 Canadian dollars at the border and 
spent 60 of them. Thus \0d /l — 60 = cl . It follows that d = 140, and the 
sum of the digits of d is 5. 

8. ANSWER (A) Let downtown St. Paul, downtown Minneapolis, and the 
airport be located at 5, M , and A , respectively. Then AM AS has a right 
angle at A, so by the Pythagorean Theorem, 

MS = VlO 2 + 8 2 = V\64 « V\69 = 13. 

9. ANSWER (B) The areas of the regions enclosed by the square and the 
circle are 10 2 = 100 and jt(10) 2 = IOOtt, respectively. One quarter of the 
second region is also included in the first, so the area of the union is 

100 + IOOtt - 25jt = 100 + 75jt. 

10. ANSWER (D) Suppose that there are n rows in the display. Then the 
bottom row contains 2 n — 1 cans. The total number of cans is therefore the 
sum of the arithmetic series 

1 + 3 + 5 + • • • + (2 n — 1), 

which is 

| ((2« - 1) + 1) = n 2 . 

Thus n 2 = 100, so n = 10. 

11. ANSWER (C) There are 8 • 8 = 64 ordered pairs that can represent the 
top numbers on the two dice. Let m and n represent the top numbers on the 
dice. Then mn > m + n implies that 

0 < m n — m — n . 

Adding 1 to each side of this equation gives 

1 < mn — m — n + l = (m — 1 ) (n — 1). 
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This inequality is satisfied except when m = 1, n = 1 , or when m = n = 
2. There are 16 ordered pairs (m,n) excluded by these conditions, so the 
probability that the product is greater than the sum is 

64- 16 _ 48 _ 3 
64 “ 64 “ 4' 

12. ANSWER (A) The area of the annulus is the difference between the ar- 
eas of the two circles, which is nb 2 — jtc 2 . Because the tangent XZ is 
perpendicular to the radius OZ, we have b 2 — c 2 = a 2 , and the area is 
na A . 

13. ANSWER (B) The height in millimeters of any stack with an odd number 
of coins has a 5 in the hundredth place. The height of any two coins has 
an odd digit in the tenth place and a zero in the hundredth place. Therefore 
any stack with zeros in both its tenth and hundredth places must consist of 
a number of coins that is a multiple of 4. The highest stack of 4 coins has a 
height of 4 • 1.95 = 7.8 mm, and the shortest stack of 12 coins has a height 
of 12 • 1.35 = 16.2 mm, so no number other than 8 can work. 

Note that a stack of 8 quarters has a height of 8 • 1.75 = 14 mm. 

14. ANSWER (C) Suppose that there are initially B blue marbles in the bag. 
After red marbles are added the total number of marbles in the bag is 3 B. 
Then after the yellow marbles are added, the number of marbles in the bag 
is 5 B. Finally, adding B blue marbles to the bag gives 2 B blue marbles out 
of 6B total marbles. Thus 1/3 of the marbles are blue. 

OR 

Just before the number of blue marbles is doubled, the ratio of blue marbles 
to non-blue marbles is 1 to 4. Doubling the number of blue marbles makes 
the ratio 2 to 4, so 1/3 of the marbles are blue. 

15. ANSWER (A) Because the value of Patty’s money would increase if the 
dimes and nickels were interchanged, she must have more nickels than 
dimes. Interchanging one nickel for a dime increases the amount by 5 cents, 
so she has 70/5 = 14 more nickels than dimes. Therefore she has 

-(20 — 14) = 3 dimes and 20 — 3 = 17 nickels, 
and her coins are worth 3 • 10 + 17 ■ 5 = 1 15cents = $1.15. 
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16. ANSWER (D) Let O be the center of the large circle, let C be the center 
of one of the small circles, and let OA and OB be tangent to the small 
circle at A and B . 



By symmetry. 


ZAOB = 120° and ZAOC = 60°. 

Thus A AOC is a 30-60-90° right triangle, and AC = 1, so 

2 2\/3 

OC = —AC = — . 

V3 3 

If OD is a radius of the large circle through C , then 

2V3 3 + 2V3 

OD = CD + OC = 1 + — — = . 


17. ANSWER (B) Let Jack’s age be lOx + y and Bill’s age be 10 y + x. In 
five years Jack will be twice as old as Bill. Therefore 

lOx + y + 5 = 2(1 Oy + x + 5), so 8x = 19 y + 5. 

The expression 

I9y + 5= 16y + 8 + 3(y-l) 

is a multiple of 8 if and only if y — 1 is a multiple of 8. Since both x and 
y are 9 or less, the only solution is y = 1 and x = 3. Thus Jack is 31 and 
Bill is 13, so the difference between their ages is 18. 

OR 

Let Bill’s age be B, and let Jack’s age be B + D. Then 

(B + D) + 5 = 2(B + 5), so D = B + 5. 
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Because the two-digit number B + D is obtained by reversing the dig- 
its of B, D is a multiple of 9, so B leaves a remainder of 4 upon di- 
vision by 9. Therefore the only possible ordered pairs (B, B + D) are 
(13, 31), (49, 94), (58, 85) and (67, 76). Only in the first case will Jack be 
twice as old as Bill in five years. 

18. ANSWER (E) First note that 

Area(A ACE) = I • 12 • 16 = 96. 

Draw FQ perpendicular to CE. 



Since A ACE is similar to A FQE, we have FQ = 3 and QE = 4. 
Therefore 

Area(Trapezoid BCQF) = ^ ■ (3 + 9) ■ 12 = 72. 

Because A BCD and A FDQ have areas 18 and 12, respectively, 

Area(A BDF) = 72 - 18 - 12 = 42. 

The desired ratio is 42/96 = 7/16. 

OR 

Note that each of A ABF , ABCD, and A DEF has a base-altitude pair 
where the base and altitude are, respectively, 3/4 and 1/4 that of a corre- 
sponding base and altitude for A ACE. Hence 

Area(A BDF) _ f 1 3 _ 7 
Area(AACE) ~ _ 4'4 _ 16' 
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19. ANSWER (C) Let a.k be the k th term of the sequence. For k > 3, we have 
Ok + 1 = a k -2 + Ok - 1 — Ok, so ak + 1 — Ok-l = —{cik — a-k-l)- 
Because the sequence begins 

2001, 2002, 2003, 2000, 2005, 1998, 

it follows that the odd-numbered terms and the even-numbered terms each 
form arithmetic progressions with common differences of 2 and —2, re- 
spectively. The 2004 th term of the original sequence is the 1002 nd term of 
the sequence 2002, 2000, 1998, . . . , and that term is 

2002 + 1001 (- 2 ) = 0 . 


20. ANSWER (D) Let F be a point on AC such that DF is parallel to BE. 
Let BT = 4x and ET = x. 



Because A ATE and A ADF are similar, we have 


DF _ AD 
— ~ ~AT 


4 

- , and DF 

3 


4x 

~3~' 


Also, A BEC and A DFC are similar, so 


CD DF _ 4x/3 _ 4 
~BC ~ ~BE ~ 5x ~ F5 


Thus 


CD _ CD/BC _ 4/15 _ 4 

~BD ~ 1 - (CD/BC) ~ 1-4/15 ~ IT' 


OR 

Let s = Area(A ABC). Then 


Area(AT5C) = 


1 

-.S’ 

4 


and Area(AA7’C) = —s. 
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so 

Area(A ATB) = AKa(AABC)-Area(ATBC)-Area(AATC) = ^s. 
Hence 

CD _ Area(A ADC) _ Area(A ATC) _ s/5 4 

~BD ~ Area(A ABD) ~ Area(A ATB) ~ 1 ls/20 “ IT' 

21. ANSWER (A) The smallest number that appears in both sequences is 16. 
The two sequences have common differences 3 and 7, whose least common 
multiple is 21, so a number appears in both sequences if and only if it is in 
the form 

16 + 21 k, where k is a nonnegative integer. 

Such a number is in the first 2004 terms of both sequences if and only if 

16 + 2\k < 1 + 2003(3) = 6010. 

Thus 0 < k < 285, so there are 286 duplicate numbers. Therefore the 
number of distinct numbers is 4008 — 286 = 3722. 

22. ANSWER (D) The triangle is a right triangle that can be placed in a 
coordinate system with vertices at (0,0), (5,0), and (0. 12). The center 
of the circumscribed circle is the midpoint of the hypotenuse, which is 
(5/2,6). 




To determine the radius r of the inscribed circle notice that the hypotenuse 
of the triangle is 


(12 — r) + (5 — r) = 13 so r = 2. 
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Hence the center of the inscribed circle is (2,2), and the distance between 
the two centers is 



23. ANSWER (B) If the orientation of the cube is fixed, there are 2 6 = 64 
possible arrangements of colors on the faces. There are 



arrangements in which all six faces are the same color and 



arrangements in which exactly five faces have the same color. In each of 
these cases the cube can be placed so that the four vertical faces have the 
same color. The only other suitable arrangements have four faces of one 
color, with the other color on a pair of opposing faces. Since there are three 
pairs of opposing faces, there are 2(3) = 6 such arrangements. The total 
number of suitable arrangements is therefore 2 + 12 + 6 = 20, and the 
probability is 20/64 = 5/16. 


24. ANSWER (B) Suppose that AD and BC intersect at E. 


D 



Since A ADC and A ABC cut the same arc of the circumscribed circle, the 
Inscribed Angle Theorem implies that 

ZABC = ZADC. 

It is given that, ZEAB = ZCAD, so A ABE is similar to A ADC , and 


AD _ AB 
~CD~ RE 
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By the Angle Bisector Theorem, 


BE _ AB 
~EC ~ AC’ 


so 


BE 


■ EC = ( BC — BE) and 

AC AC 


BE 


AB ■ BC 
AB + AC' 


Hence 


AD _ AB _ AB + AC _ 7 + 8 _ 5 
~CD ~ ~BE ~ ~BC “ 9 “ 3' 


25. ANSWER (B) The centers of the two larger circles are at A and B. Let 
C be the center of the smaller circle, and let D be one of the points of 
intersection of the two larger circles. 


/ \ 



Then A ACD is a right triangle with AC = 1 and AD = 2, so CD = V3, 
and ACAD = 60°. Hence the area of A ACD is V3/2. The area of 1/4 of 
the shaded region shown is the area of sector BAD of the circle centered at 
A, minus the area of A ACD, minus the area of 1/4 of the smaller circle. 
That area is 


V3 1 


V3 


— 71 — —71 — 71 — 

3 2 4 12 2 


So the area of the entire shaded region is 


5 

12 


7T — 



-71 — 2V3. 

3 


4 
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2005 AMC 10A Solutions 

The problems for the 2005 AMC 10A begin on page 41. 


1. ANSWER (D) Since Mike tipped $2, which was 10% = 1/10 of his bill, 
his bill must have been 2 • 10 = 20 dollars. Similarly, Joe tipped $2, which 
was 20% = 1/5 of his bill, so his bill must have been 2 • 5 = 10 dollars. 
The difference between their bills is therefore $10. 

2. ANSWER (C) First we have 


Then 

-3 + 3 0 

((1 * 2) * 3) = (-3 * 3) = = — = °. 

3. ANSWER (B) Since 2x + 7 = 3 we have x = —2. Hence 

—2 = bx — 10 = —2b — 10, so 2b = —8, and b = —4. 


4. ANSWER (B) Let w be the width of the rectangle. Then the length is 2u;, 
and 

x 2 = w 2 + (2 w) 2 = 5ti> 2 . 

Thus w 2 = x 2 /5 and the area is 

2 2 2 

w -2w = 2w = -x . 

5. ANSWER (A) If Dave had bought seven windows separately he would 
have purchased six and receive one free, for a cost of $600. If Doug had 
bought eight windows separately, he would have purchased seven and re- 
ceive one free, for a total cost of $700. The total cost to Dave and Doug 
purchasing separately would have been $1300. If they buy the fifteen win- 
dows together, they will need to purchase only 12 windows, since they will 
receive 3 free. Hence buy the windows together will cost them only $1200, 
and result in a savings of $100. 
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6. ANSWER (B) The sum of the 50 numbers is 20-30 + 30-20 = 1200. 
Their average is 1200/50 = 24. 

7. ANSWER (B) Because Rate ■ Time = Distance, the distance Josh rode 
was (4/5)(2) = 8/5 of the distance that Mike rode. Let m be the number 
of miles that Mike had ridden when they met. Then the number of miles 
between their houses is 


8 13 

13 = in H — m = — m. 
5 5 


Thus m = 5. 

8. ANSWER (C) The symmetry of the figure implies that AABH, ABCE, 
A CDF , and A DAG are congruent right triangles. So 


BH = CE = V BC 2 — BE 2 = V50 - 1 = 7, 


and EH = BH - BE = 1 - 1 = 6. Hence 

AreafSquare EFGH) = 6 2 = 36. 

OR 

As in the first solution, BH = 7. Thus 

AreafSquare EFGH) = AreafSquare ABCD) — 4Area( AABH) 
= 50 — 4 • 1 -7^ = 36. 


9. ANSWER (B) There are three X’s and two O’s, and the tiles are selected 
without replacement, so the probability is 

3 2 2 1 1 _ 1 
5 ' 4 ' 3 ' 2 ' I ~ To 

OR 

The three tiles marked X are equally likely to lie in any of (^) = 10 posi- 
tions, so the probability of this arrangement is 1/10. 
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10. ANSWER (A) The quadratic formula yields 


-(a + 8) ± y/(a ± 8) 2 - 4 • 4 • 9 


The equation has only one solution precisely when the value of the dis- 
criminant is zero, that is, when 


(, a ± 8) 2 - 144 = 0. 


This implies that a + 8 = ±12. So a = —20 or a = 4, and the sum is — 1 6. 

OR 

The equation has one solution if and only if the polynomial is the square 
of a binomial with linear term ±V4.r 2 = ±2x and constant term ± \/9 = 
±3. Because (2x±3) 2 has a linear term ± 12.x, it follows that a±8 = ±12. 
Thus a is either —20 or 4, and the sum of those values is —16. 

11. ANSWER (B) There are n 3 unit cubes with a total of 6 « 3 faces. The 
surface area of the large cube is 6n 2 , so 6 n 2 faces of the unit cubes are red. 
Therefore 

1 6 n 2 1 


12. ANSWER (B) The trefoil is constructed of four equilateral triangles and 
four circular segments, as shown. These can be combined to form four 60° 
circular sectors. Since the radius of the circle is 1, the area of the trefoil is 
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13. ANSWER (E) The condition is equivalent to 

130/? > n 2 > 2 4 = 16, so 130/? > n 2 and ?? 2 > 16. 

This implies that 130 > ?? >4. So n can be any of the 125 integers strictly 
between 130 and 4. 

14. ANSWER (E) The first and last digits must be both odd or both even for 
their average to be an integer. There are 5 • 5 = 25 odd-odd combinations 
for the first and last digits. There are 4 • 5 = 20 even-even combinations 
that do not use zero as the first digit. Hence the total is 45. 

15. ANSWER (E) Written as a product of primes, we have 

3! - 5! - 7! = 2 8 • 3 4 • 5 2 • 7. 

A cube that is a factor has a prime factorization of the form 2 P ■ 3 q ■ 5 r • 7 s , 
where p, q, r, and s are all multiples of 3. There are 3 possible values for 
p, which are 0, 3, and 6. There are 2 possible values for q . which are 0 and 
3. The only value for r and for s is 0. Hence there are 6 = 3 • 2 • 1 • 1 distinct 
cubes that divide 3! • 5! • 7!. They are 

1 = 2 0 3°5°7 0 , 8 = 2 3 3°5°7°, 27 = 2°3 3 5°7°, 

64 = 2 6 3°5°7°, 216 = 2 3 3 3 5°7°, and 1728 = 2 6 3 3 5°7°. 

16. ANSWER (D) Let 10a + b be the two-digit number. When a + b is 
subtracted the result is 9a. The only two-digit multiple of 9 that ends in 6 
is 9 • 4 = 36, so a = 4. The ten numbers between 40 and 49, inclusive, 
have this property. 

17. ANSWER (D) Each number appears in two sums, so the sum of the se- 
quence is 

2(3 + 5 + 6 + 7 + 9) = 60. 

The middle term of a five-term arithmetic sequence is the mean of its terms, 
so 60/5 = 12 is the middle term. 

The figure shows an arrangement of the five numbers that meets the re- 
quirement. 
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18. ANSWER (A) There are four possible outcomes, 

ABAA. ABABA, ABBAA, and BBAAA, 

but they are not equally likely. This is because, in general, the probability 
of any specific four-game series is (1/2) 4 = 1/16, whereas the probabil- 
ity of any specific five-game series is (1/2) 4 = 1/32. Thus the first listed 
outcome is twice as likely as each of the other three. Let p be the proba- 
bility of the occurrence ABBAA. Then the probability of ABABA is also 
p, as is the probability of BBAAA, whereas the probability of ABAA is 
2 p. So 

1 

2p + p + p + p=\, and p = 

The only outcome in which team B wins the first game is BBAAA, so the 
probability of this occurring is 1 /5. 

OR 

To consider equally-likely cases, suppose that all five games are played, 
even if team A has won the series before the fifth game. Then the possible 
ways that team A can win the series, given that team B wins the second 
game, are 

BBAAA, ABBAA, ABABA, ABAAB, and ABA A A. 

In only the first case does team B win the first game, so the probability of 
this occurring is 1/5. 
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19. ANSWER (D) Consider the rotated middle square shown in the figure. 


B 



It will drop until length DE is one inch. Thus 

FC = DF = FE = - and BC = s/2. 

2 

Hence BF = s/l— 1 /2. This is added to the 1 inch height of the supporting 
squares, so the overall height of point B above the line is 

1 + BF = sfl H — inches. 

2 


20. ANSWER (A) The octagon can be partitioned into five squares and four 
half squares, each with side length s/2/2, so its area is 




The octagon can be obtained by removing four isosceles right triangles 
with legs of length 1/2 from a square with sides of length 2. Thus its 


area is 
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1 1 
2 1 2 



21. Answer (B) Because 


1 + 2 + •■■ + « = 


n(n + 1) 


the sum 1 + 2 + ■ • ■ + n divides the positive integer 6 n if and only if 
6« 12 

— = is an integer. 

n(n + l)/2 « + l 

There are five such positive values of n , namely, 1, 2, 3, 5, and 11. 


22. ANSWER (D) The sets S and T consist, respectively, of the positive 
multiples of 4 that do not exceed 2005-4 = 8020 and the positive multiples 
of 6 that do not exceed 2005 • 6 = 12,030. Thus 5 f") T, the set of numbers 
that are common to S and to T, consists of the positive multiples of 12 that 
do not exceed 8020. Let [xj represent the largest integer that is less than 
or equal to x . Then the number of elements in the set S P| T is 


8020 


1 


— 

668 + - 

[ 12 


3 J 


668 . 


23. ANSWER (C) Let O be the center of the circle. 
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Each of A DCE and A ABD has a diameter of the circle as a side. Thus 
the ratio of their areas is the ratio of the two altitudes to the diameters. 
These altitudes are DC and the altitude from C to DO in A DCE. Let F 
be the foot of this second altitude. Since A CFO is similar to A DCO, 

Area(A DCE) _ C F _ CO _ AO - AC _ \AB-\AB _ 1 
Area(A/45£>) ~~ ~DC ~ ~DO ~ ~DO “ \AB ~~ 3' 

24. ANSWER (B) The conditions imply that both n and n + 48 are squares 
of primes. So for each successful value of n we have primes p and q with 
p 2 = n + 48, q 2 = n, and 

48 = p 2 - q 2 = (p + q)(p - q). 


The pairs of factors of 48 are 

48 and 1, 24 and 2, 16 and 3, 12 and 4, and 8 and 6. 

These give pairs (p, q), respectively, of 

(!•?)• (y 9 f )•<»>• - a., 

Only (p,q) = (13, 1 1) gives prime values for p and for q, with n = ll 2 = 
121 and n + 48 = 13 2 = 169. 

25. ANSWER (D) Because A ABE and A ADE share the same base AE and 
portions of the same side AB , the ratio of the area of A ADE to the area 
of A ABE is the same as the ratio of AD to AB. That is, 

Area(AAD£) _ AD _ 19 
Area(A ABE) ~ ~AB _ 25' 

Similarly 

Area(A ABE) _ AE _ 14 _ 1 
Area(AAfiC) “ AC ~ 42 “ 3' 

So 

Area(AABC) _ 25 3 _ 75 
Area(A ADE) “ 19 ' I “ 19’ 
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and 

Area(Quadrilateral BCED ) Area(A ABC) — Area(A ADE) 

Area(AAD£) “ Area(A ADE) 

_ 75 j _ 56 
“ 19 ~ ~ 19' 

Thus 


Area(AA£>£) _ 19 

Area(Quadrilateral BCED) 56 



14 E 28 
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Problem Difficulty for 2005 10B 

A box indicates the correct answer choice. 


Problem 

1 

2 

3 

4 

5 

6 

7 

8 
9 

10 

11 

12 

13 

14 

15 

16 

17 

18 

19 

20 
21 
22 

23 

24 

25 


% A 

% B 

% C 

0.57 

21.56 

1 74.29 | 

14.25 

1 62.1 1 

15.19 

1 94.84 

1.54 

0.67 

5.67 

1 24.18 

16.79 

0.48 

3.41 

10.61 

1.89 

5.06 

1 16.68 | 


9.56 
16.56 
2.54 
38.21 
5.29 
1 11.64 1 
3.25 
4.63 
13.68 


% Omitted 

0.84 

6.56 

1.58 

16.09 
3.26 

66.48 

42.63 
20.98 
37.59 

5.09 

32.7 

52.78 

23.63 
18.71 
28.29 
70.44 
34.66 

67.09 
48.42 
80.39 
83.05 

85.79 
64.02 
80.01 
84.77 
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2005 AMC 1 0B Solutions 

The problems for the 2005 AMC 10B begin on page 46. 

1. ANSWER (A) The scouts bought 1000/5 = 200 groups of 5 candy bars 
at a total cost of 200 • 2 = 400 dollars. They sold 1000/2 = 500 groups of 
2 candy bars for a total of 500 • 1 = 500 dollars. Their profit was $500 — 
$400 = $100. 

2. Answer (D) We have 

-i- ■ x = 4, so x 2 = 400. 

100 

Because x > 0, it follows that x = 20. 

3. ANSWER (D) After the first day. 



of the paint remains. On the second day, 

1 2 _ 2 

3 ‘ 3 “ 9 

of the paint is used. So for the third day 

1 2 _ 4 

~~ 3 ~~ 9 “ 9 

of the original gallon of paint is available. 

4. ANSWER (D) It follows from the definition that 

(5 o 12) o ((—12) o (-5)) = V 5 2 + 12 2 o V(-12) 2 + (-5) 2 

= 13 o 13 = 7l3 2 + 13 2 = 13 V2. 

5. ANSWER (C) The number of CDs that Brianna will finally buy is three 
times the number she has already bought. The fraction of her money that 
will be required for all the purchases is (3) (1/5) = 3/5. The fraction she 
will have left is 1 — 3/5 = 2/5. 
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6. ANSWER (B) To earn an A on at least 80% of her quizzes, Lisa needs 
to receive an A on at least (0.8)(50) = 40 quizzes. Thus she earned an A 
on at least 40 — 22 = 18 of the remaining 20. So she earned a grade lower 
than an A on at most 2 of the remaining quizzes. 

7. ANSWER (B) Let the radius of the smaller circle be r. Then the side 
length of the smaller square is 2 r. The radius of the larger circle is half the 
length of the diagonal of the smaller square, so it is \[7r. Hence the larger 
square has sides of length 2\/2r. 


2 y/2r 



The ratio of the area of the smaller circle to the area of the larger square is 
therefore 

jtr 2 it 

(2V2r) 2 * 

8. ANSWER (A) The four white quarter circles in each tile have the same 
area as a whole circle of radius 1/2, that is, zr ( 1/2) 2 = jt/ 4 square feet. 
So the area of the shaded portion of each tile is 1 — zr/4 square feet. Since 
there are 8 • 10 = 80 tiles in the entire floor, the area of the total shaded 
region in square feet is 

80 (l -j) = 80-20tt. 

9. ANSWER (D) An odd sum requires either that the first die is even and 
the second is odd or that the first die is odd and the second is even. The 
probability is 

11 2 2 _ 1 4 _ 5 
3 ’ 3 3 " 3 9 + 9~ 9' 
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10. ANSWER (A) Let CH be an altitude of A ABC . 


C 



Applying the Pythagorean Theorem to AC HD and then to A CHB 
produces 

8 2 — (BD + l) 2 = CH 2 = 7 2 — l 2 = 48, so (BD + l) 2 = 16. 
Thus BD = 3. 


11. ANSWER (E) The sequence begins 2005, 133, 55, 250, 133, Thus 

after the initial term 2005, the sequence repeats the cycle 133, 55, 250. 
Because 2005 = 1 + 3 ■ 668, the 2005 th term is the same as the last term 
of the repeating cycle, 250. 


12. ANSWER (E) Exactly one die must have a prime face on top, and the 
other eleven must have 1 's. The prime die can be any one of the twelve 
dice, and the prime can be 2, 3, or 5. Thus the probability of a prime face 
on any one die is 1/2, and the probability of a prime product is 


•(')(.')' U 


13. ANSWER (C) Between 1 and 2005, there are 


2005 

nr 


668 multiples of 3, 


2005 

4 


= 501 multiples of 5, 


and 


2005 

12 


167 multiples of 12. 


So there are 


(668 - 167) + (501 - 167) = 835 
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numbers between 1 and 2005 that are integer multiples of 3 or of 4 but not 
of 12. 

14. ANSWER (C) Drop MQ perpendicular to BC . Then A MOC is a 30- 
60-90° triangle, so MQ = j?>/2. Thus 

1 / V3\ V3 

Area(ACDM)=-^-j = -. 

OR 

Triangles ABC and CDM have equal bases. Because M is the midpoint 
of AC, the ratio of the altitudes from M and from A is 1/2. So the area of 
AC DM is half of the area of A ABC . Since 

Area(AABC) = ^ • 2 2 = V3, 

we have 

V3 

Area( A CDM) = ^ . 

15. Answer (D) There are 



ways to choose the bills. A sum of at least $20 is obtained by choosing 
both $20 bills, one of the $20 bills and one of the six smaller bills, or both 
$10 bills. Hence the probability is 

1 + 2-6+ 1 _ 14 _ 1 
28 “ 28 “ 2' 

16. ANSWER (D) Let r\ and r 2 be the roots of x 2 + px + m = 0. Then 
0 = x 2 +px+m = (x—r\)(x—r 2 ), so m = r\r 2 and p = — (fi+r 2 ). 
Since the roots of x 2 + mx + n = 0 are 2r\ and 2r 2 , we also have 
0 = x 2 + mx + n = (x — 2ri)(x — 2r 2 ), 


so n = 4rir 2 and m = —2(r\ + r 2 ). 
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Thus 

1 n 4m 

n = 4 in, p = -m, and — = -= — = 8. 

2 p jtn 


OR 


The roots of 

& + p (l) +m = ° 

are twice those of x 2 + px + m = 0. Since the first equation has the same 
roots as the equation x 2 + 2 px + 4 m = 0, we have 

n 

m = 2p and n = 4m, so — = 8. 

P 


17. Answer (B) Because 

4 a -b- c - d = = (6 c ) d = l d = 8 = 4 3/2 , 

we have a ■ b ■ c ■ d = 3/2. 

18. ANSWER (D) The last seven digits of the phone number use seven of the 
eight digits {2, 3, 4, 5, 6, 7, 8, 9}, so all but one of these digits is used. The 
unused digit can be chosen in eight ways. The remaining seven digits are 
then placed in increasing order to obtain a possible phone number. Thus 
there are 8 possible phone numbers. 

OR 

There are (*) = 8 ways to choose seven of the eight digits 2 through 9 
to form a telephone number, and only one way to arrange the digits in 
increasing order. Thus David can have 8 possible telephone numbers. 

19. ANSWER (B) The percentage of students getting 95 points is 

100- 10-25-20- 15 = 30, 

so the mean score on the exam is 

0.10(70) + 0.25(80) + 0.20(85) + 0.15(90) + 0.30(95) = 86. 

Since fewer than half of the scores were less than 85, and fewer than half 
of the scores were greater than 85, the median score is 85. The difference 
between the mean and the median score on this exam is 86 — 85 = 1 . 
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20. ANSWER (C) Each digit appears the same number of times in the l’s 
place, the 10’s place, . . and the 10,000’s place. The average of the digits 
in each place is 

1 24 

-(l + 3 + 5 + 7 + 8) = — = 4.8. 

Hence the average of all the numbers is 

4.8(1 + 10 + 100 + 1000 + 10000) = 4.8(1 1111) = 53332.8. 


21. ANSWER (A) The total number of ways that the numbers can be chosen 
is ( 4 4 °). Exactly 10 of these possibilities result in the four slips having the 
same number. 

Now we need to determine the number of ways that two slips can have a 
number a and the other two slips have a number h. with b ^ a. There 
are ( 2 °) ways to choose the distinct numbers a and b. For each value of a 
there are ( 2 ) to choose the two slips with a and for each value of b there 
are ( 2 ) to choose the two slips with h. Hence the number of ways that 
two slips have some number a and the other two slips have some distinct 
number b is 





= 45 • 6 • 6 = 


1620. 


So the probabilities q and p are 


10 1620 

p= a and w 


which implies that 


P 

q 


1620 

IdT 


162. 


22. Answer (C) Since 


1 + 2 + • • • + n 


n(n + 1) 
2 


the condition is equivalent to having an integer value for 


n\ 


n(n + 1 ) / 2 
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This reduces, when n > 1, to having an integer value for 


2 (n - 1)! 
n + 1 


This fraction is an integer unless n + 1 is an odd prime. There are 8 odd 
primes less than or equal to 25, so there are 24 — 8 = 16 numbers less than 
or equal to 24 that satisfy the condition. 

23. ANSWER (C) First note that FE = ( AB + DC)/2. 

D C 



A 


B 


Because trapezoids ABEF and FECD have the same height, the ratio of 
their areas is equal to the ratio of the averages of their parallel sides. Since 



3 AB + DC 
2 


and 


AB + DC 


AB + 3 DC 
2 


+ DC = - 


2 


we have 


AB 


3AB + DC =2(AB + 3DC) = 2AB + 6DC, and — = 5. 

24. ANSWER (E) By the given conditions, it follows that x > y. Let x = 
10a + b and y = 10 b + a, where a > b. Then 

m 2 = x 2 — y 2 = (I0a + b) 2 -(m + a) 2 = 99a 2 -99b 2 = 99 (a 2 -b 2 ). 
Since 99(a 2 — b 2 ) must be a perfect square, we have 


a 2 — b 2 = (a + b){a — b)~ Ilk 2 , 
for some positive integer k. Because a and b are distinct digits, we have 
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It follows that a + b = l\, a — b = k 2 , and k is either 1 or 2. 

If k = 2, then (a, b) = (15/2, 7/2), which is impossible. Thus k = 1 and 
(a,b) = (6, 5). This gives x = 65, y = 56, m = 33, andx+y+m = 154. 

25. ANSWER (C) Several pairs of numbers from 1 to 100 sum to 125. These 
pairs are (25, 100), (26, 99) (62, 63). Set B can have at most one num- 

ber from each of these 62 — 25 + 1 = 38 pairs. In addition, B can contain 
all of the numbers 1 , 2, .... 24 since these cannot be paired with any of the 
available numbers to sum to 125. So B has at most 38 + 24 = 62 numbers. 
The set containing the first 62 positive integers, for example, is one of these 
maximum sets. 
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2006 AMC 10A Solutions 

The problems for the 2006 AMC 10A begin on page 50. 

1. ANSWER (A) Five sandwiches cost 5-3 = 15 dollars and eight sodas 
cost 8 • 2 = 16 dollars. Together they cost 15 + 16 = 31 dollars. 

2. ANSWER (C) By the definition we have 

h ® (h <B> h) = h ® (h 3 — h) = h 3 — ( h 3 — h) = h. 

3. ANSWER (B) Mary is (3/5)(30) = 18 years old. 

4. ANSWER (E) The largest possible sum of the two digits representing 
the minutes is 5 + 9 = 14, occurring at 59 minutes past each hour. The 
largest possible single digit that can represent the hour is 9. This exceeds 
the largest possible sum of two digits that can represent the hour, which is 
1 + 2 = 3. Therefore, the largest possible sum of all the digits is 14 + 9 = 
23, occurring at 9:59. 

5. ANSWER (D) Each slice of plain pizza cost $1. Dave paid $2 for the 
anchovies in addition to $5 for the five slices of pizza that he ate, for a total 
of $7. Doug paid only $3 for the three slices of pizza that he ate. Flence 
Dave paid 7 — 3 = 4 dollars more than Doug. 

6. ANSWER (B) Take the seventh root of both sides to get {lx) 2 = 1 4x. 
Then 49 x 2 = 14x, and because x / Owe have 49x = 14. Thus x = 2/7. 

7. ANSWER (A) Let E represent the end of the cut on DC, and let F 
represent the end of the cut on AB. For a square to be formed, we must 
have 


DE = y = FB and DE + y + FB = 18, so y = 6. 

The rectangle that is formed by this cut is indeed a square, since the original 
rectangle has area 8 • 18 = 144, and the rectangle that is formed by this cut 
has a side of length 2 • 6 = 12= V 144. 
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Dy E E C 


A F F y B 


D 


E 


y 


F 


y 


8. ANSWER (E) Substitute (2, 3) and (4, 3) into the equation to give 
3 = 4 + 2 b + c and 3 = 16 + Ab + c. 

Subtracting corresponding terms in these equations gives 0 = 12 + 2b. So 
b = -6 and c = 3 - 4- 2(-6) = 11. 

OR 

The parabola is symmetric about the vertical line through its vertex, and 
the points (2, 3) and (4, 3) have the same ^-coordinate, so the vertex has 
x -coordinate (2 + 4)/2 = 3. Hence the equation has the form 

y = (x - 3) 2 + k 

for some constant k. Since y = 3 when x = 4, we have 3 = 1 2 + k and 
k = 2. The constant term c is 

(—3 ) 2 +k = 9 + 2=11. 


9. ANSWER (C) First note that, in general, the sum of n consecutive integers 
is n times their median. If the sum is 15, we have the following cases: 

if n = 2, then the median is 7.5 and the two integers are 7 and 8; 
if n = 3, then the median is 5 and the three integers are 4, 5, and 6; 
if n = 5, then the median is 3 and the five integers are 1, 2, 3, 4, 
and 5. 

Because the sum of four consecutive integers is even, 15 cannot be written 
in such a manner. Also, the sum of more than five consecutive integers must 
be more than 1 + 2 + 3 + 4+ 5 = 15. Hence there are 3 sets satisfying the 
condition. 

Note: It can be shown that the number of sets of two or more consecutive 
positive integers having a sum of k is equal to the number of odd positive 
divisors of k, excluding 1. 
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10. ANSWER (E) Suppose that k = ^120 — ^ fx is an integer. Then 0 < k < 
•J 120, and because k is an integer, we have 0 < k < 10. Thus there are 
11 possible integer values of k. For each such k, the corresponding value 
of x is (120 — k 2 ) 2 . Because (120 — k 2 ) 2 is positive and decreasing for 
0 < k < 10, the 1 1 values of x are distinct. 

11. ANSWER (C) The equation (x + v) 2 = x 2 + v 2 is equivalent to x 2 + 
2 xy + y 2 = x 2 + y 2 , which reduces to xy = 0. Thus the graph of the 
equation consists of the two lines that are the coordinate axes. 

12. ANSWER (C) The regions in which the dog can roam for each arrange- 
ment are shaded in the figure. For arrangement I, the area of this region 
is j7r • 8 2 = 327 r square feet. The area of the shaded region in arrange- 
ment II exceeds this by the area of a quarter-circle of radius 4 feet, that 
is, by 


-jr ■ 4 2 = 4 n square feet. 



13. ANSWER (D) Let x represent the amount the player wins if the game 
is fair. The chance of an even number is 1/2, and the chance of matching 
this number on the second roll is 1/6. So the probability of winning is 
(l/2)(l/6) = 1/12. Therefore (l/12)x = $5 and x = $60. 

14. ANSWER (B) The top of the largest ring is 20 cm above its bottom. That 
point is 2 cm below the top of the next ring, so it is 17 cm above the bottom 
of the next ring. The additional distances to the bottoms of the remaining 
rings are 16 cm, 15 cm, . . . , 1 cm. Thus the total distance is 

20 + (17 + 16 + ■ • • + 2 + 1) = 20 + = 20 + 17 ■ 9 = 173 cm. 


OR 
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The required distance is the sum of the outside diameters of the 18 rings 
minus a 2-cm overlap for each of the 17 pairs of consecutive rings. This 
equals 


(3 + 4+ 5 + -- - + 20)-2-17=(l + 2 + 3 + 4 + 5 + -- - + 20)-3-34 


20-21 

2 


- 37 = 173 cm. 


15. ANSWER (D) Since Odell’s rate is 5/6 that of Kershaw, but Kershaw’s 
lap distance is 6/5 that of Odell, they each run a lap in the same time. 
Hence they pass twice each time they circle the track. Odell runs 

m 1 laps 75 

30 min ■ 250 • = — laps sb 23.87 laps, 

min 100-7T m it 

as does Kershaw. Because 23.5 < 23.87 < 24, they pass each other 
2(23.5) = 47 times. 

16. ANSWER (D) Let O and O' denote the centers of the smaller and larger 
circles, respectively. Let D and D' be the points on AC that are also on the 
smaller and larger circles, respectively. 



Since A ADO and A AD' O' are similar right triangles, we have 
AO AO’ AO + 3 


As a consequence, 

AD = si AO 2 - OD 2 = s/9 — 1 = 2s/l. 

Let F be the midpoint of BC . Since A ADO and A AFC are similar right 
triangles, we have 

FC _ AF AO + 00'+ O' F 3 + 3 + 2 
~T~ ~ ~AD 


AD 


2s/2 


= 2sl2. 


2006 AMC 1 0A Solutions 


165 


Thus 

BC = 2 FC = 4^2, AF = iVlAD = 8, 

and 

Area(AABC) = y BC ■ AF = ^ -4\/2- 8 = 16^2. 


17. ANSWER (A) First note that since points B and C trisect AD, and points 
G and F trisect FIE, we have 


HG = GF = FE = AB = BC = CD = 1. 


Also, HG is parallel to CD and HG = CD, so CDGH is a parallel- 
ogram. Similarly, AB is parallel to FE and AB = FE, so ABEF is a 
parallelogram. As a consequence, WXYZ is a parallelogram, and since 
HG = CD = AB = FE, it is a rhombus. 



Because AH = AC = 2, the rectangle ACFH is a square of side length 
2. Its diagonals AF and CH have length 2a/2 and form a right angle at X . 
As a consequence, the rhombus WXYZ is a square. In isosceles A HXF 
we have HX = XF = \fl. In addition, HG = jHF . So 

1 1 r 

XW = -XF = -s/2, 

2 2 

and 

, 1 

Area(SquarefFXFZ) = XW 2 = -. 


18. ANSWER (C) Since the two letters have to be next to each other, think 
of them as forming a two-letter word w. So each license plate consists of 4 
digits and w. For each digit there are 10 choices. There are 26 • 26 choices 
for the letters of w, and there are 5 choices for the position of w. So the 
total number of distinct license plates is 5 - 10 4 - 26 2 . 
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19. ANSWER (C) Let n — d,n, and n + d be the angles in the triangle. Then 

180 = /t — d + n + n + d = 3«, so n = 60. 

Because the sum of the degree measures of two angles of a triangle is less 
than 180, we have 

180 > n + (n + d) = 120 + d, which implies that 0 < d <60. 
There are 59 triangles with this property. 

20. ANSWER (E) Place each of the integers in a pile based on the remainder 
when the integer is divided by 5. Since there are only 5 piles but there 
are 6 integers, at least one of the piles must contain two or more integers. 
The difference of two integers in the same pile is divisible by 5. Hence the 
probability is 1 . 

NOTE: We have applied what is called the Pigeonhole Principle. This 
states that if you have more pigeons than boxes and you put each pigeon in 
a box, then at least one of the boxes must have more than one pigeon. In 
this problem the pigeons are integers and the boxes are piles. 

2 1 . ANSWER (E) There are 9000 four-digit positive integers. For those with- 
out a 2 or 3, the first digit could be one of the seven numbers 1, 4, 5, 6, 7, 
8, or 9, and each of the other digits could be one of the eight numbers 0, 1, 
4, 5, 6, 7, 8, or 9. So there are 

9000 — 7 • 8 • 8 • 8 = 5416 

four-digit numbers with at least one digit that is a 2 or a 3. 

22. ANSWER (C) If a debt of D dollars can be resolved in this way, then 
integers p and g must exist with 

D = 300 p + 210g = 30(10/? + Ig). 

As a consequence, D must be a multiple of 30, and no positive debt less 
than $30 can be resolved. A debt of $30 can be resolved since 

30 = 300(— 2) + 210(3). 

This is done by giving 3 goats and receiving 2 pigs. 
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23. ANSWER (B) Radii AC and BD are each perpendicular to CD. 



By the Pythagorean Theorem, 

CE = V 5 2 - 3 2 = 4. 


Because A ACE and A BDE are similar, 


DE 

~CE 


BD 

AC’ 


BD 8 

so DE = CE ■ = 4 • - 

AC 3 


32 

T' 


Therefore 


CD = CE + DE = 4 + 


32 

y 


44 

T' 


24. ANSWER (B) Two pyramids with square bases form the octahedron. The 
upper pyramid is shown. 



Since the length of AB is y/2/2, the base area of the pyramid is (V2/2) 2 = 
1/2. The altitude of the pyramid is 1/2, so 

1 1111 

Volume (Pyramid) = - • Area of Base ■ Altitude = -•-•- = — , 
y J 3 3 2 2 12 


and 


Volume(Octahedron) = 2- Volume (Pyramid) = -. 

6 
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25. ANSWER (C) At each vertex there are three possible locations that the 
bug can travel to in the next move, so the probability that the bug will visit 
three different vertices after two moves is 2/3. Label the first three vertices 
that the bug visits as A to B to C , as shown in the diagram. 


H G 



In order to visit every vertex, the bug must travel from C to either G or D . 
The bug travels to G with probability 1/3, and from there the bug must visit 
the vertices F , E, H , D in that order. Each of these choices has probability 
1/3 of occurring. So the probability that the path continues in the order 

C^G^F^E^H^D 


- (I) 5 - 

Alternatively, the bug could travel from C to D with probability 1/3, and 
then travel to H , which also occurs with probability 1/3. From H the bug 
could go either to G or to E, with probability 2/3, and from there to the 
two remaining vertices, each with probability 1/3. So the probability that 
the path continues in one of the orders 

/ E^F ^G 

C D H 

\ g -* F E 


is (f)(1) 4 - 

Hence the bug will visit every vertex in seven moves with probability 



OR 

From a given starting point there are 3 7 possible walks of seven moves for 
the bug, all of them equally likely. If such a walk visits every vertex exactly 
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once, there are three choices for the first move and, excluding a return to 
the start, two choices for the second. Label the first three vertices visited as 
A, B . and C, in that order, and label the other vertices as shown. The bug 
must go to either G or D on its third move. In the first case it must then visit 
vertices F, E, H, and D in order. In the second case it must visit either 
H, E, F, and G or H, G, F, and E in order. Thus there are 3 • 2 • 3 = 18 
walks that visit every vertex exactly once, so the required probability is 
18/3 7 = 2/243. 
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2006 AMC 10B Solutions 

The problems for the 2006 AMC 10B begin on page 55. 

1. Answer (C) Because 

. 11, if A: is even, 

(-1)* = 

| — 1 , if A' is odd, 

the sum can be written as 

(-1 + 1 ) + (-1 + 1 ) + --- + (-1 + 1 ) = 0 + 0 + --- + 0 = 0 . 

2. ANSWER (A) Because 44k 5 = (4 + 5) (4 — 5) = —9, it follows that 

3* (4*5) = 3* (-9) = (3 + (-9)) (3 - (-9)) = (-6) (12) = -72. 

3. ANSWER (A) Let c and p represent the number of points scored by the 
Cougars and the Panthers, respectively. The two teams scored a total of 34 
points, so c + p = 34. The Cougars won by 14 points, so c — p = 14. The 
solution is c = 24 and p = 10, so the Panthers scored 10 points. 

4. ANSWER (D) The circle with diameter 3 has area 7r(3/2) 2 . The circle 
with diameter 1 has area 7T ( 1 /2) 2 . Therefore the ratio of the blue-painted 
area to the red-painted area is 

7t(3/2) 2 - tt(1/2) 2 _ 

n{\/2) 2 

5. ANSWER (B) The side length of the square is at least equal to the sum of 
the smaller dimensions of the rectangles, which is 2 + 3 = 5. 



5 


If the rectangles are placed as shown, it is in fact possible to contain them 
within a square of side length 5. Thus the smallest possible area is 5 2 = 25. 
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6. ANSWER (D) Since the square has side length 2/tt, the diameter of each 
circular section is 2/tt. The boundary of the region consists of 4 semicir- 
cles, whose total perimeter is twice the circumference of a circle having 
diameter 2 jn. Hence the perimeter of the region is 



7. Answer (A) We have 



When x < 0, the given expression is equivalent to —x. 

8. ANSWER (B) The square has side length V40. 



Let r be the radius of the semicircle. Then 
r 2 = (740) 2 + 
so the area of the semicircle is jjrr 2 = 25 it. 

9. ANSWER (B) Francesca’s 600 grams of lemonade contains 25 + 386 = 
41 1 calories, so 200 grams of her lemonade contains 411/3 = 137 calories. 

10. ANSWER (A) Let the sides of the triangle have lengths x, 3x, and 15. 
The Triangle Inequality implies that 3x < x + 15, so x < 7.5. Because x 
is an integer, the greatest possible perimeter occurs when x = 7. Thus the 
greatest possible perimeter is 7 + 21 + 15 = 43. 

11. ANSWER (C) Since n\ contains the product 2 • 5 ■ 10 = 100 whenever 
n > 10, it suffices to determine the tens digit of 

7! + 8! + 9! = 7!(1 + 8 + 8 • 9) = 5040(1 + 8 + 72) = 5040 • 81. 
This is the same as the units digit of 4 • 1, which is 4. 


'V4(P 


= 40 + 10 = 50, 
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12. ANSWER (E) Substituting x = l and y = 2 into the equations gives 
1 

It follows that 


2 1 

— b a and 2 = — |-o. 
4 4 




Because 


a = x — — and 
4 


OR 


Jt 3 

_y — — we have a + b = -(x + y). 


Since x = 1 when y = 2, this implies that 

a + b= - -(1+2) = -. 


13. ANSWER (E) Joe has 2 ounces of cream in his cup. JoAnn has drunk 
2 ounces of the 14 ounces of coffee-cream mixture in her cup, so she has 
only 12/14 = 6/7 of her original 2 ounces of cream in her cup. Therefore 
the ratio of the amount of cream in Joe’s coffee to that in JoAnn’s coffee is 

2 _ 7 
2 • (6/7) “ 6' 


14. ANSWER (D) Because a and b are roots of x 2 — mx + 2 = 0, we have 

x 2 — mx + 2 = (x — a)(x — b ) and ab = 2. 

In a similar manner, the constant term of x 2 — px + q is the product of 
a + (1 /b) and b + (1/a), so 

q = { a + l){ b+ l ) =ab+1 + l + ^b = l- 

15. ANSWER (C) Because ZBAD = 60°, isosceles A BAD is also equilat- 
eral. As a consequence, A AEB, A AED, ABED, A BFD, A BFC , and 
A CFD are congruent. These six triangles have equal areas and their union 
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forms rhombus ABCD , so each has area 24/6 = 4. Rhombus BFDE is 
the union of ABED and A BFD, so its area is 8. 



Let the diagonals of rhombus ABCD intersect at O. 



The diagonals of a rhombus intersect at right angles, so A ABO is a 30- 
60-90° triangle. Therefore AO = V3-BO. Because AO and BO are half 
the length of the longer diagonals of rhombi ABCD and BFDE, respec- 
tively, it follows that 

ArealRhombus BFDE) _ / BO\ 2 _ 1 
Area(Rhombus A BCD) \AOJ 3 

Thus 

Area(Rhombus BFDE ) = ^ • 24 = 8. 

16. ANSWER (E) In the years from 2004 through 2020, each Leap Day occurs 
3 • 365 + 366 = 1461 days after the preceding Leap Day. When 1461 is 
divided by 7 the remainder is 5. So the day of the week advances 5 days 
for each 4-year cycle. In the four cycles from 2004 to 2020, the Leap Day 
will advance 20 days. So Leap Day in 2020 will occur one day of the week 
earlier than in 2004, that is, on a Saturday. 

17. ANSWER (D) After Alice puts the ball into Bob’s bag, his bag will con- 
tain six balls: two of one color and one of each of the other colors. After 
Bob selects a ball and places it into Alice’s bag, the two bags will have the 
same contents if and only if Bob picked one of the two balls in his bag that 
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are the same color. Because there are six balls in the bag when Bob makes 
his selection, the probability of selecting one of the same colored pair is 


2/6 = 1/3. 


18. ANSWER (E) Note that the first several terms of the sequence are: 


so the sequence consists of a repeating cycle of 6 terms. Since 2006 = 
2 + 334 • 6, we have a 2 oo6 = a 2 = 3. 

19. ANSWER (A) Because OC = 1 and OE = 2, it follows that ZEOC = 
60° and ZEOA = 30°. The area of the shaded region is the area of the 30° 
sector DOE minus the area of congruent triangles OBD and OBE. First 
note that 


1 71 

Area(Sector DOE ) = — ■ An = — 





In right triangle OCE, we have CE = V3, so BE = \/3 — 1. Therefore 


Area(A OBE) = ^ • (V3 — 1) ■ 1. 


The required area is consequently 



OR 


Let F be the point where ray OA intersects the circle, and let G be the 
point where ray OC intersects the circle. 
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Let a be the area of the shaded region described in the problem, and b 
be the area of the region bounded by AD, AF, and the minor arc from 
D to F. Then b is also the area of the region bounded by CE, CG, 
and the minor arc from G to E. By the Inclusion-Exclusion Principle, we 
have 

2 b — a = Area (Quartercircle OFG ) — Area (Square OABC ) = n — 1. 

Since b is the area of a 60° sector from which the area of A O A I) has been 
deleted, we have 

_ 2tt V3 
~~ 1 2 ~ 

Hence the area of the shaded region described in the problem is 

, / 2: x -s/3 \ jr r 

ci = 2b — jr + 1 = 2 I ) — jr + 1 = 1-1 — V3. 

\ 3 2 ) 3 


20. ANSWER (E) The slope of line AB is 

178 - (—22) _ 1 

2006 - 6 “ la 

The line AD is perpendicular to the line AB, so its slope is —10. This 
implies that 

y - (-22) 

-10 = so y = —10(2)— 22 = -42, and D = (8,-42). 

8 — 6 

As a consequence, 

AB = V2000 2 + 200 2 = 2007l0T and AD = V 2 2 + 20 2 = 2^W\. 
Thus 


Area(Rectangle ABCD) = AB ■ AD = 400 • 101 = 40,400. 
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21. ANSWER (C) On each die the probability of rolling k, for 1 < k < 6, is 

k k 

1 +2+3+4+5+6 ~ 2 T' 

There are six ways of rolling a total of 7 on the two dice, represented by 
the ordered pairs (1,6), (2,5), (3,4), (4,3), (5,2), and (6, 1). Thus the 
probability of rolling a total of 7 is 

1-6 + 2- 5 + 3- 4+ 4- 3 + 5- 2 + 6-1 _ 56 _ 8 
2\ 2 ~ 212 “ 63' 


22. ANSWER (D) The total cost of the peanut butter and jam is 

N(AB + 5 J) = 253 cents, 

so N and AB + 5/ are factors of 253 = 11 • 23. Because N > 1, the 
possible values of A are 1 1, 23, and 253. 

If N = 253, then AB + 5/ = 1, which is impossible since B and J are 
positive integers. 

If N = 23, then AB + 5/ = 11, which also has no solutions in positive 
integers. Hence N = 1 1 and AB + 5J = 23, which has the unique positive 
integer solution B = 2 and J = 3. So the cost of the jam is 


11 -3-50 = $1.65. 


23. ANSWER (D) Partition the quadrilateral into two triangles and let the 
areas of the triangles be R and S as shown. Then the required area is T = 
R + S. 



Let a and b, respectively, be the bases of the triangles with areas R and 3, 
as indicated. If two triangles have the same altitude, then the ratio of their 
areas is the same as the ratio of their bases. Thus 


a _R_R + S + 1 

b ~ T ~ 3 + 7 


R _ T + 7 
~3 “ 10 


so 
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Similarly, 


Thus 


5 S+R + 3 S T + 3 

— = , so — = . 

7 7 + 7 7 14 

From this we obtain 

10T = 3 (T + 7) + 5 (T + 3) = 8 T + 36, 
and it follows that T = 18. 


24. ANSWER ( B ) Through O draw a line parallel to AD intersecting PD 
at F. 



Then AOFD is a rectangle and OFF is a right triangle. Thus DF = 2, 
FP = 2, and OF = 4\/2. The area of trapezoid AOPD is 12\/2, and 

AreafHexagon AOBCPD ) = 2 ■ 12^2 = 24V2. 

OR 

Lines AD, BC, and OP intersect at a common point H . 



Because ZPDH = Z 0 A II = 90°, triangles P Dll and OAH are similar 
with similarity ratio 2. Thus 

2 HO = HP = HO + OP = HO + 6, 
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so 

HO = 6 and AH = V HO 2 - OA 2 = 4 VI 

Hence 

Area( A OAH) = ^ • 2 • 4^2 = 4 72, 

and 

Area(A PDH) = 2 2 • 4V2 = 16 VI 
As a consequence, 

AreafHexagon AOBCPD ) = 2 • Area(APDH) - 2 ■ Area(AOAH) 

= 32V2 — 8 V 2 = 24 VI 


25. ANSWER (B) The 4-digit number on the license plate has the form aabb 
or a bah or baab, where a and b are distinct integers from 0 to 9. Because 
Mr. Jones has a child of age 9, the number on the license plate is divisible 
by 9. Hence the sum of the digits, 2 (a+b), is also divisible by 9. Because of 
the restriction on the digits a and b, this implies that a + b = 9. Moreover, 
since Mr. Jones must have either a 4-year-old or an 8-year-old, the license 
plate number is divisible by 4. These conditions narrow the possibilities for 
the number to 

1188, 2772, 3636, 5544, 6336, 7272, and 9900. 

The last two digits of 9900 could not yield Mr. Jones’s age, and none of the 
others is divisible by 5, so he does not have a 5-year-old. 

Note that 5544 is divisible by each of the other eight non-zero digits. 
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2007 AMC 1 0A Solutions 

The problems for the 2007 AMC 10A begin on page 60. 


1. Answer (C) Susan pays (4) (0.75) (20) = 60 dollars. Pam pays (5) (0.70) 
(20) = 70 dollars, so she pays 70 — 60 = 10 more dollars than Susan. 

2. ANSWER (A) The value of 6@2 is 6 • 2 — 2 2 = 12 — 4= 8, and the value 
of 6#2 is 6 + 2 - 6 • 2 2 = 8 - 24 = -16. Thus 

6@2 8 _ 1 
~6#2~ “ — 16 ~ ~2' 

3. ANSWER (D) The brick has a volume of 40-20-10 = 8000 cubic 
centimeters. Suppose that after the brick is placed in the tank, the water 
level rises by h centimeters. Then the additional volume occupied in the 
aquarium is 100 • 40 • /z = 4000/; cubic centimeters. Since this must be the 
same as the volume of the brick, we have 

8000 = 4000/; and /; = 2 centimeters 

4. ANSWER (A) Let the smaller of the integers be x. Then the larger is 
x + 2. So x + 2 = 3x, from which x = 1. Thus the two integers are 1 and 
3, and their sum is 4. 

5. ANSWER (B) Let p be the cost in cents of a pencil and n be the cost in 
cents of a notebook. Then 

Ip + 8;; = 415 and 5 p + 3;; = 177. 

The solution of this pair of equations is p = 9 and ;; = 44. So the cost of 
16 pencils and 10 notebooks is 16(9) + 10(44) = 584 cents, or $5.84. 

6. ANSWER (A) Between 2002 and 2003, the increase was 
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Between the other four pairs of consecutive years, the increases were 
4 4 _ 1 6 6 _ 1 2 2 _ 1 

66 < 40 _ To’ 70 < 60 _ 10 ’ 76 < 20 ~ To’ “ 

7 7 _ 1 

78 < 70 “ TO' 

Therefore the largest percentage increase occurred between 2002 and 2003. 

7. ANSWER (D) After paying the federal taxes, Mr. Public had 80% of his 
inheritance money left. He paid 10% of that, or 8% of his inheritance, in 
state taxes. Hence his total tax bill was 28% of his inheritance, and his 
inheritance was $10,500/0.28 = $37,500. 

8. ANSWER (D) Because A ABC is isosceles, we have ABAC = 
^ (180° — ZABC) = 70°. 


B 



Similarly, 

ZDAC = * (180° - ZADC) = 20°. 

Thus ZBAD = ABAC - ZDAC = 50°. 

OR 

Because A ABC and A ADC are isosceles triangles and BD bisects 
ZABC and ZADC , applying the Exterior Angle Theorem to A ABD 
gives ZBAD = 70° — 20° = 50°. 


9. ANSWER (E) The given equations are equivalent, respectively, to 
3 a = 3 A{b+2) and 5 3b = 5 a ~ 3 . 

Therefore a = 4 (b + 2) and 3b = a — 3. The solution of this system is 
a = —12 and b = —5, so ab = 60. 
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10. ANSWER (E) Let N represent the number of children in the family and T 
represent the sum of the ages of all the family members. The average age 
of the members of the family is 20, and the average age of the members 
when the 48-year-old father is not included is 16, so 


20 = 


T 

N + 2 


and 


16 = 


r-48 
N + 1 ' 


This implies that 


20A + 40=T and 16A + 16 = T - 48, 


so 


20 N + 40 = 16 A + 64. 
Hence AN = 24 and N = 6. 


11. ANSWER (C) Each vertex appears on exactly three faces, so the sum of 
the numbers on all the faces is 

8-9 

3(1 + 2 + ••• + 8) = 3- — = 108. 

There are six faces for the cube, so the common sum must be 108/6 = 18. 
A possible numbering is shown in the figure. 



12. ANSWER (D) The first guide can take any combination of tourists ex- 
cept all the tourists or none of the tourists. Therefore the number of possi- 
bilities is 



OR 
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If each guide did not need to take at least one tourist, then each tourist 
could choose one of the two guides independently. In this case there would 
be 2 6 = 64 possible arrangements. The two arrangements for which all 
tourists choose the same guide must be excluded, leaving a total of 64—2 = 
62 possible arrangements. 

13. ANSWER (B) Let w be Yan’s walking speed, and let x and y be the 
distances from Yan to his home and to the stadium, respectively. The time 
required for Yan to walk to the stadium is y/w, and the time required for 
him to walk home is x/w. Because he rides his bicycle at a speed of Iw, 
the time required for him to ride his bicycle from his home to the stadium 
is (x + y)/(lw). Thus 

y x x + y 8x + y 

w w Iw Iw 

As a consequence, 7 v = 8 x + y, so 8x = 6 y. The required ratio is x/y = 
6/8 = 3/4. 


OR 

Because we are interested only in the ratio of the distances, we may assume 
that the distance from Yan’s home to the stadium is 1 mile. Let x be his 
present distance from his home. Imagine that Yan has a twin, Nay. While 
Yan walks to the stadium. Nay walks to their home and continues 1/7 of 
a mile past their home. Because walking 1/7 of a mile requires the same 
amount of time as riding 1 mile, Yan and Nay will complete their trips at 
the same time. Yan has walked 1 — x miles while Nay has walked x + 1/7 
miles, so 1 — x = x + 1/7. Thus x = 3/7, 1 — x = 4/7, and the required 
ratio is x/(l — x) = 3/4. 


14. ANSWER (A) Let the sides of the triangle have lengths 3x, 4x, and 5x. 
The triangle is a right triangle, so its hypotenuse is a diameter of the circle. 
Thus 5x = 2 • 3 = 6, so x = 6/5. The area of the triangle is 


1 _ 1 18 24 _ 216 

2 ’ X ~ 2 ’ T ’ T “ ~25~ 


8.64. 


OR 

A right triangle with side lengths 3, 4, and 5 has area (l/2)(3)(4) = 6. 
Because the given right triangle is inscribed in a circle with diameter 6, the 
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hypotenuse of this triangle has length 6. Thus the sides of the given triangle 
are 6/5 as long as those of a 3 — 4 — 5 triangle, and its area is (6/5) 2 times 
that of a 3 — 4 — 5 triangle. The area of the given triangle is 


6 


( 6 )=^ = 

25 


>.64. 


15. ANSWER (B) Let s be the length of a side of the square. Consider an 
isosceles right triangle with vertices at the centers of the circle of radius 2 
and two of the circles of radius 1. This triangle has legs of length 3, so its 
hypotenuse has length 3 \/2. 



The length of a side of the square is 2 more than the length of this 
hypotenuse, so s = 2 + Hence the area of the square is 

s 2 = (2 + 3V2) 2 = 22 + 12V2. 

OR 

The distance from a vertex of the square to the center of the nearest small 
circle is Vl 2 + l 2 = \/2, and the distance between the centers of two 
small circles in opposite corners of the square is 1 + 4 + 1 = 6. There- 
fore each diagonal of the square has length 6 + 2>/2, and each side has 
length 

,= ^ = 2 + 3V2. 

V2 

The area of the square is consequently s 2 = (2 + 3\/2^ = 22 + 1 2\fl. 

16. ANSWER (E) The number ad — be is even if and only if ad and be are 
both odd or are both even. Each of ad and be is odd if both of its factors 
are odd, and even otherwise. Exactly half of the integers from 0 to 2007 
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are odd, so each of ad and be is odd with probability (1/2) ■ (1/2) = 1/4 
and are even with probability 3/4. Hence the probability that ad — be is 
even is 

11 3 3 _ 5 

4 ' 4 + 4 ’ 4 “ 8' 

17. ANSWER (D) An integer is a cube if and only if, in the prime factorization 
of the number, each prime factor occurs a multiple of three times. Because 
n 3 = 15m = 3 ■ 5 2 ■ m, the minimum value for m is 3 2 ■ 5 = 45. In that 
case n = 15, and m + n = 60. 


18. ANSWER (C) Extend CD past C to meet AG at N . 



Since A ABG is similar to A NCG, 


NC = AB • 


CG 

~BG 



This implies that trapezoid ABCN has area 


8 

3' 


1 

2 ' 




Let v denote the length of the perpendicular from M to NC . Since A CMN 
is similar to AH MG, and 

GH _ 4 _ 3 
~NC ~ 8/3 ~ 2’ 


the length of the perpendicular from M to HG is |u. Because 


V + 2 V = 


we have 


i> = 


16 

~5' 
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Hence the area of ACMN is 

1 8 16 _ 64 

2 ' 3 ' T “ 15' 

So 

40 64 88 

Area (ABCM) = Area(ABCN) + Area(A CMN) 

OR 

Let Q be the foot of the perpendicular from M to BG. 



D 


E 


Since A MQG is similar to A A B G, we have 

MQ _ AB _ 4 _ 1 
~QG ~ ~BG~ 2 _ 3' 

Also, A MCQ is similar to AH CG, so 

MQ _ HG _ 4 _ 1 
~CQ ~ ~CG ~ 8 “ 2' 

Thus 


QG = 3MQ = 3^CQ^ = ^(S-QG), 
which implies that 

24 1 8 

QG = — and MQ = -QG = 

Hence 


Area {ABCM) 


Area(A ABG) - Area( A CM G) 


1 1 

-.4. 12- - 
2 2 


8 

5 


88 

T' 
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19. ANSWER (C) Let s be the side length of the square, let w be the width 
of the brush, and let x be the leg length of one of the congruent unpainted 
isosceles right triangles. Since the unpainted area is half the area of the 
square, the area of each unpainted triangle is 1/8 of the area of the 
square. So 

1 , 1 , 1 

-x = —s and x = -s. 

2 8 2 

The leg length x plus the brush width w is equal to half the diagonal of the 
square, so x + w = (>/2/2 )s. Thus 

-s/2 1 i2 r- 

w = s s and — = — — = 2V2 + 2. 

2 2 w V2-1 

OR 

The painted stripes have isosceles right triangles with hypotenuse w at each 
vertex of the square, and the legs of these triangles have length ( ~Jl/2)w . 



Because the total area of the four congruent unpainted triangles is half the 
area of the original square, we have 

s — V2 w = —=, so V2s — 2w = s. 

V2 

and 

s 2 r 

- = — = 2V2 + 2. 

w -s/2 — 1 

20. ANSWER (C) Since the surface area of the original cube is 24 square 
meters, each face of the cube has a surface area of 24/6 = 4 square meters, 
and the side length of this cube is 2 meters. The sphere inscribed within the 
cube has diameter 2 meters, which is also the length of the diagonal of the 
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cube inscribed in the sphere. Let / represent the side length of the inscribed 
cube. Applying the Pythagorean Theorem twice gives 

l 2 + l 2 + I 2 = 2 2 = 4. 


Hence each face has surface area 


l 2 


4 

3 


square meters. 


So the surface area of the inscribed cube is 6 ■ (4/3) = 8 square meters. 


21. ANSWER (D) A given digit appears as the hundreds digit, the tens digit, 
and the units digit of a term the same number of times. Let k be the sum 
of the units digits in all the terms. Then S = 1 1 Ik = 3 • 37 k, so S must 
be divisible by 37. To see that S need not be divisible by any larger prime, 
note that the sequence 123, 231, 312 gives S = 666 = 2 ■ 3 2 ■ 37. 

22. ANSWER (B) Let x and y be, respectively, the larger and smaller of the 
integers. Then 96 = x 2 — y 2 = (x + y){x — y). Because 96 is even, 
x and y are both even or are both odd. In either case x + y and x — y 
are both even. Hence there are four possibilities for (x + y, x — y ) , which 
are (48, 2), (24, 4), (16, 6), and (12, 8). The four corresponding values of 
(x ,y) are (25,23), (14. 10), (11,5), and (10,2). 

23. ANSWER (B) Rectangle ABFE has area AE ■ AB = 2 • 4\/2 = 8\/2. 
Right triangles ACO and BDO each have hypotenuse 2V2 and one leg of 
length 2. 



Hence they are each isosceles, and each has area (1/2) (2 2 ) = 2. Angles 
CAE and DBF are each 45°, so sectors CAE and DBF each have area 


Thus the area of the shaded region is 


8V2-2-2-2 - - = 8V2 — 4-?r. 

2 
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24. ANSWER (D) Squaring each side of the equation 4 = a + a 1 gives 

16 = a 2 + 2a ■ a~ l + (a -1 ) 2 = a 2 + 2 + a~ 2 , so 14 = a 2 + a~ 2 . 
Squaring again gives 

196 = a 4 + 2a 2 ■ a~ 2 + (a~ 2 ) 2 = a 4 + 2 + a~ 4 , so 194 = r/ 4 + a“ 4 . 

25. ANSWER (D) If n < 2007, then S(») < S(1999) = 28. If n < 28, then 
S ( n ) < S(28) = 10. Therefore if n satisfies the required condition it must 
also satisfy 


n > 2007-28- 10 = 1969. 

In addition, n, S(n). and S(S{n)) all leave the same remainder when di- 
vided by 9. Because 2007 is a multiple of 9, it follows that n, S(n), and 
S(S(«)) must all be multiples of 3. The required condition is satisfied by 
4 multiples of 3 between 1969 and 2007, namely 1977, 1980, 1983, and 
2001 . 

Note: There appear to be many cases to check, that is, all the multiples 
of 3 between 1969 and 2007. However, for 1987 < n < 1999, we have 
n + S(n) > 1990 + 19 = 2009, so these numbers are eliminated. Thus we 
need only check 1971, 1974, 1977, 1980, 1983, 1986, 2001, and 2004. 
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Problem Difficulty for 2007 10B 

A box indicates the correct answer choice. 


Problem 

% A 

% B 

% C 

% D 

% E 

% Omitted 

1 

1.3 

2.62 

4.65 

3.62 

1 71 . 87 1 


2 

0.9 

0.68 

18.81 

0.88 

67.69 1 


3 

0.7 

1 30 . 4 1 

61.98 

0.97 

0.4 


4 

1.45 

4.27 

2.41 

1 61.97 | 

6.01 


5 

10.49 

10.91 

8.7 

1 49.94 1 

8.55 


6 

0.45 

1.09 

3.18 

1 72.08 | 

22.22 


7 

27.66 

3.84 

17.42 

3.22 

22.25 | 

25.6 

8 

6.46 

10.78 

6.68 

1 20.85 | 

5.79 

49.44 

9 

7.6 

2.99 

3.52 

1 67.75 | 

8.61 

9.51 

10 

1 15.62 1 

7.57 

14.17 

12.52 

8.61 

41.49 

11 

10.81 

7.53 

1 6 . 84 1 

6.33 

4.84 

63.62 

12 

13.57 

5.75 

5.3 

1 21.98 | 

6.05 


13 

2.45 

5.62 

4.77 

1 16.06 1 

5.32 


14 

2.4 

4.94 

1 63.84 1 

7.09 

6.41 


15 

4.13 

10.24 

2.35 

| 37.46 1 

4.44 


16 

25.32 

4.39 

1 49.42 | 

3.53 

1.13 

16.2 

17 

4.57 

5.5 

6.41 

1 7.22 | 

1.67 

74.64 

18 

2.98 

1 16.79 

3.8 

7.98 

6.45 

61.98 

19 

6.9 

5.28 

1 31.98 1 

3.74 

3.63 

48.45 

20 

4.02 

13.93 

1 10.71 1 

6.53 

8.85 


21 

7.01 

| 5.38 1 

4.85 

3.42 

10.44 


22 

11.01 

8.56 

7.94 

13.34 

15.39 


23 

1.8 

6.88 

4.07 

8.52 

1 6.39 1 


24 

4.06 

7.38 

1 7.83 | 

3.47 

5.51 

71.75 

25 




1.9 
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2007 AMC 1 0B Solutions 

The problems for the 2007 AMC 10B begin on page 65. 


1. ANSWER (E) Theperimeter of each bedroom is 2(12+ 10) = 44 feet, so 
the surface to be painted in each bedroom has an area of 44 • 8 — 60 = 292 
square feet. Since there are 3 bedrooms, Isabella must paint 3 ■ 292 = 876 
square feet. 

2. Answer (E) Since 3*5 = (3 + 5)5 = 8-5 = 40 and 5*3 = (5 + 3)3 = 
8 • 3 = 24, we have 


3 ★ 5- 5 * 3 = 40-24 = 16. 


3. ANSWER (B) The student used 120/30 = 4 gallons on the trip home and 
120/20 = 6 gallons on the trip back to school. So the average gas mileage 
for the round trip was 

240 miles 

= 24 miles per gallon. 

10 gallons 


4. ANSWER (D) Since OA = OB = OC, triangles A OB, BO C, and CO A 
are all isosceles. Hence 


ZABC = ZABO + ZOBC = 


180° - 140° 180° - 120° 

— 1 — 


= 50° 


OR 


Since 


ZAOC = 360° - 140° - 120° = 100°, 


the Central Angle Theorem implies that 

ZABC = -ZAOC = 50°. 
2 


5. ANSWER (D) Let A, B , C, and D represent the following statements 
about a person in the land. 

A : Is an Arog. B : Is a Braf. C : Is a Crup. D : Is a Dramp. 
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Then the statement in the first sentence of the problem can be expressed as: 

A => B, C =4- B, D =>• A and C =¥ D. 
The most we can conclude is that 

C => D =>• A ==$■ B. 

So the only statement listed that we are certain is true is that Crups are both 
Arogs and Brafs. 


6. ANSWER (D) Sarah will receive 4.5 points for the three questions she 
leaves unanswered, so she must earn at least 100 — 4.5 = 95.5 points on 
the first 22 problems. Because 


95.5 

15 < < 16, 

6 


she must solve at least 16 of the first 22 problems correctly. This would 
give her a score of 100.5. 


7. ANSWER (E) Because AB = BC = EA and ZA = ZB = 90°, 
quadrilateral ABCE is a square, so ZAEC = 90°. 


A B 



Also CD = DE = EC , so A CDE is equilateral and ZCED = 60°. 
Therefore 


ZE = ZAEC + ZCED = 90° + 60° = 150°. 

8. ANSWER (D) Once a and c are chosen, the integer b is determined. For 
a = 0, we could have c = 2, 4, 6, or 8. For a = 2, we could have c = 4, 
6, or 8. For a = 4, we could have c = 6 or 8, and for a = 6 the only 
possibility is c = 8. Thus there are 1 + 2 + 3 + 4 = 10 possibilities when 
a is even. Similarly, there are 10 possibilities when a is odd, so the number 
of possibilities is 20. 
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9. ANSWER (D) The last s is the 12th appearance of this letter in the mes- 
sage, so it will be replaced by the letter that is 


l+2 + 3 + ---+12= -(12- 13) = 3-26 


letters to the right of s. Since the alphabet has 26 letters, this letter s is 
coded as s. 

10. ANSWER (A) If the altitude from A has length d , then A ABC has area 
(1/2 )(BC)d. The area is 1 if and only if d = 2/(BC). Thus S consists 
of the two lines that are parallel to line BC and are 2/(5 C) units from it, 
as shown. 



d 


d 


11. ANSWER (C) Let BD be an altitude of the isosceles A ABC , and let O 
denote the center of the circle with radius r that passes through A, B, and 
C, as shown. 


B 



Then 


BD = V3 2 - l 2 = 2V2 and OD = 2^2 - r. 


Since A ADO is a right triangle, we have 



As a consequence, the circle has area 
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12. ANSWER (D) Tom’s age N years ago was T — N . The sum of his three 
children’s ages at that time was T — 3 N. Therefore T — N = 2(7’ — 3 N ) , 
so 5 N = T and T/N = 5. The conditions of the problem can be met, for 
example, if Tom’s age is 30 and the ages of his children are 9, 10, and 11. 
In that case T = 30 and N = 6. 

13. ANSWER (D) The two circles intersect at (0, 0) and (2,2), as shown. 



Half of the region described is formed by removing an isosceles right trian- 
gle of leg length 2 from a quarter of one of the circles. Because the quarter- 
circle has area (l/4)jr(2) 2 = n and the triangle has area (l/2)(2) 2 = 2, 
the area of the region is 2 (n — 2). 

14. ANSWER (C) Let g be the number of girls and b the number of boys 
initially in the group. Then g = 0.4 (g + b). After two girls leave and two 
boys arrive, the size of the entire group is unchanged, so g—2 = 0.3 (g+b). 
The solution of the system of equations 

g = 0A(g + b) and g - 2 = 0.3(g + b) 
is g = 8 and b = 12, so there were initially 8 girls. 

OR 

After two girls leave and two boys arrive, the size of the group is un- 
changed. So the two girls who left represent 40% — 30% = 10% of the 
group. Thus the size of the group is 20, and the original number of girls 
was 40% of 20, or 8. 

15. ANSWER (D) Let x be the degree measure of /LA. Then the degree mea- 
sures of angles B, C , and D are x/2, x/3, and x /A, respectively. The 


196 


Solutions 


degree measures of the four angles have a sum of 360, so 


xxx 

360 = x + — + — + — 
2 3 4 

Thus x = (12 ■ 360)/25 = 172.8 « 173. 


25 x 

IV' 


16. ANSWER (C) Let N be the number of students in the class. Then there 
are 0.1 A juniors and 0.9/V seniors. Let s be the score of each junior. The 
scores totaled 841V = 83(0. 91V) + s(O.lTV), so 

841V — 83(0. 91V) 

.v = = 93. 

0.1 N 

Note: In this problem, we could assume that the class has one junior and 
nine seniors. Then 

9- 83 + s = 10- 84 = 9- 84+ 84 and 5 = 9(84 - 83) + 84 = 93. 


17. ANSWER (D) Let the side length of A ABC be s. Then the areas of 
A APB, ABPC , and A CPA are, respectively, s/2, s, and 3s/2. The area 
of A ABC is the sum of these, which is 3s. The area of A A B C may also be 
expressed as (VI/ 4 )s 2 , so 3s = (V3/'4).v 2 . The unique positive solution 
for s is 4 VI. 

18. ANSWER (B) Construct the square ABCD by connecting the centers of 
the large circles, as shown, and consider the isosceles right A BAD. 



Since AB = AD = 2 r and BD = 2 + 2 r, we have 2(2r) 2 = (2 + 2 r) 2 . 
So 


1+2 r + r 2 = 2 r 2 , and r 2 — 2r — 1 = 0. 


Applying the quadratic formula gives r = 1 + y/2. 
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19. ANSWER (C) The first remainder is even with probability 2/6 = 1/3 and 
odd with probability 2/3. The second remainder is even with probability 
3/6 = 1/2 and odd with probability 1/2. The shaded squares are those that 
indicate that both remainders are odd or both are even. Hence the square is 
shaded with probability 

11 2 1 _ 1 
3 ’ 2 + 3 ’ 2 _ 2' 


20. ANSWER (C) After one of the 25 blocks is chosen, 16 of the remaining 
blocks do not share its row or column. After the second block is chosen, 
9 of the remaining blocks do not share a row or column with either of the 
first two. Because the three blocks can be chosen in any order, the number 
of different combinations is 


25-16-9 

3! 


= 25 • 8 • 3 = 600. 


21. ANSWER (B) Let s be the side length of the square, and let h be the 
length of the altitude of A ABC from B . Because A ABC and A WBZ 
are similar, it follows that 

h — s h h 5h 

s AC 5' 5 + h’ 

Because h = 3 • 4/5 = 12/5, the side length of the square is 

5(12/5) _ 60 
‘ V “ 5+ 12/5 “ 37' 

OR 

Because AWBZ is similar to A ABC , we have 

4 4 

BZ = —s and CZ = 4 — —s. 

Because A ZYC is similar to A ABC, we have 

s 3 

4 - (4/5)5 “ 5' 



and 


s = 


60 

37' 


Thus 
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22. ANSWER (B) The probability of the number appearing 0, 1, and 2 times 
is 

3 3 9 1 3 6 111 

P( o)= — = — , P( 1) = 2 = — , and P(2) 

' 4 4 16 w 4 4 16 w 4 4 16 

respectively. So the expected return, in dollars, to the player is 

-9+6 + 2 1 


P(0)-(~ 1) + P(l) • (1) + P(2) ■ (2) = 


16 


16 


23. ANSWER (E) Let h be the altitude of the original pyramid. Then the 
altitude of the smaller pyramid is h — 2. Because the two pyramids are 
similar, the ratio of their altitudes is the square root of the ratio of their 
surface areas. Thus h/(h — 2) = V2, so 

2V2 r 

h = —=- = 4 + 2V2. 

V2- 1 


24. ANSWER (C) Since n is divisible by 9, the sum of the digits of n must 
be a multiple of 9. At least one digit of n is 4, so at least nine digits must 
be 4, and at least one digit must be 9. For n to be divisible by 4, the last 
two digits of n must each be 4. These conditions are satisfied by several 
ten-digit numbers, of which the smallest is 4,444,444.944. 


25. ANSWER (A) Let u = a/b. Then the problem is equivalent to finding all 
positive rational numbers u such that 


14 

u + — 
9 u 


k 


for some integer k. This equation is equivalent to 9 u 2 — 9uk +14 = 0, 
whose solutions are 


9k ± V8 Ik 2 - 504 
18 


- ± - V9& 2 — 56. 


Hence u is rational if and only if *j9k 2 — 56 is rational, which is true if 
and only if 9k 2 — 56 is a perfect square. Suppose that 9k 2 — 56 = s 2 for 
some positive integer s. Then (3k — s)(3k + ,v) = 56. The only factors 
of 56 are 1, 2, 4, 7, 8, 14, 28, and 56, so (3k — s,3k + s ) is one of the 
ordered pairs (1, 56), (2, 28), (4, 14), or (7, 8). The cases (1, 56) and (7, 8) 
yield no integer solutions. The cases (2, 28) and (4, 14) yield k = 5 and 
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k = 3, respectively. If k = 5, then u = 1/3 or u = 14/3. If k = 3, then 
u = 2/2> or u = 7/3. Therefore there are four pairs (a, b) that satisfy the 
given conditions, namely (1, 3), (2, 3), (7, 3), and (14, 3). 

OR 


Rewrite the equation 

a 14 b 

b + ^ =k 

in two different forms. First, multiply both sides by b and subtract a to 
obtain 


Ub 2 
9 a 


bk — a. 


Because a , b , and k are integers, 14 b 2 must be a multiple of a, and be- 
cause a and b have no common factors greater than 1, it follows that 14 is 
divisible by a. Next, multiply both sides of the original equation by 9 a and 
subtract 14/} to obtain 


— — = 9 ak — 14 b. 
b 


This shows that 9 a 2 is a multiple of b, so 9 must be divisible by b. Thus if 
(a, b) is a solution, then b = 1, 3, or 9, and a = 1, 2, 7, or 14. This gives 
a total of twelve possible solutions ( a,b ), each of which can be checked 
quickly. The only such pairs for which 


a \Ab 
b + 9 a 


is an integer are when (a, b ) is (1, 3), (2, 3), (7, 3), or (14, 3). 




Index of Problems 


The following index gives an indication of problems for which various 
mathematical topics that are used in either the problems or one or more of 
their solutions. The ordered pair after each problem gives the pages of the 
problem and the solution, respectively. For example, the hrst item listed 
indicates refers to the problem 4 on AMC 10A in 2004. The problem can be 
found on page 31 and the solution to the problem on page 124. 


Algebra and Arithmetic: 

Absolute Values: 2004A-4(31, 124), 2004A-15 (33, 127), 
2006B-7 (56,172) 


Abstraction/Simplification: 2001-7(7,81), 2002A-2(12, 89), 
2002A-1 1(13,91), 2002A-17 (14,93), 2003A-1 (21, 107), 
2003 A-6 (21, 108), 2003B-1 (26, 116), 2004A-2(31, 124), 
2004A-3 (31, 124), 2004A-6 (31, 125), 2004A-8 (32, 125), 
2004B-1(36, 132), 2004B-13 (37, 134), 2004B-15 (38, 134), 
2005A-2 (41, 142), 2005A-5 (41, 142), 2005B-1 (46, 152), 
2005B-4 (46, 152), 2005B-5 (46, 152), 2006A-1 (50, 161), 
2006A-2(50, 161), 2006A-5 (50, 161), 2006B-1 (55, 171), 
2006B-2(55, 171), 2007A-2(60, 181), 2007B-2 (65, 192) 


Algebraic Fractions: 2001-10 (8, 81) 

Completing The Square: 2006A-8 (51, 162) 
Distance-Rate-Time: 2001-6(7,81), 2001-18(9,84) 


Exponential Equations: 2003A-9 (22, 108), 2003B-9(27, 117), 
2005B-17(48, 156), 2006A-6(50, 161), 2007 A-9 (61, 182), 
2007A-20(63, 189) 
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The Contest Problem Book VIII 


Exponents: 2002A-12(14,91), 2002B-1 (17,99), 2002B-14(19, 101), 
2003A-4(21, 107), 2004A-17 (33, 127), 2005A-7 (41, 143), 
2006A-15(52, 164), 2007 A- 13 (61, 184), 2007B-3 (65, 192) 

Factoring: 2002A-1 (12, 89), 2002A-6 (13, 89), 

2002A-14 (14, 92), 2002B-1 (17, 99), 2002B-4 (17, 99), 2002B-6 (18, 99), 
2002B-12 (18, 101), 2002B-13 (18, 101), 2002B-14 (19, 101), 

2002B-20 (19, 103), 2003A-5 (21, 107), 2007 A-23 (64, 189) 

Integer Solutions: 2001-22(10,85) 

Linear Equations: 2001-3(6,80), 2001-9(7,81), 2002A-6(13,89), 
2002A-9 (13, 90), 2002A-16 (14, 93), 2002B-20(19, 103), 

2003A-3(21, 107), 2003A-13 (22, 109), 2003B-2(26, 116), 
2007B-12(67, 195) 

Linear Inequalities: 2002B-7 (18, 100), 2007B-6(66, 193) 

Nonlinear Inequalities: 2004A-15 (33, 127), 2005A-13 (43, 145), 
2006A-10 (51, 163) 

Parabolas: 2006A-8 (51, 162) 

Percentages: 2001-9(7,81), 2002A-1 (12, 89), 2002B-1 (17,99), 
2003A-3(21, 107), 2004A-1 (31, 124), 2004A-1 1 (32, 126), 

2005B-3 (46, 152), 2005B-6 (46, 153), 2006A-1 (50, 161), 

2007 A-6 (60, 182), 2007A-7(61, 182) 

Quadratic Equations: 2002B-11 (18, 100), 2002B-12(18, 101), 
2002B-13 (18, 101), 2002B-20Q9, 103), 2003A-5 (21, 107), 

2003A-18 (23, 1 1 1), 2005B-2(46, 152), 2006B-12 (57, 173) 

Quadratic Formula: 2005A-10(42, 144) 

Ratios: 2001-9(7,81), 2001-10(8,81), 2001-22(10,85), 

2002A-1 1(13,91), 2002A-17 (14,93), 2002B-21 (19, 103), 

2003A-2(21, 107), 2003 A-3 (21, 107), 2003B-5 (27, 1 17), 

2003B-6(27, 117), 2004A-1 1 (32, 126), 2004B-7 (36, 133), 

2006A-3(50, 161), 2006A-5 (50, 161), 2006B-9(56, 172), 

2006B-13(57, 173), 2007B-3 (65, 192), 2007B-12(67, 195), 
2007B-16(67, 196) 

Substitution In Formulas: 2001-2(6,80), 2001-7(7,81), 

2002A-2 (12, 89), 2002B-2 (17, 99) 
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Sum And Product Of Roots: 2002A-14(14,92), 2002B-10(18, 100), 
2003A-5(21,107), 2003A-18 (23, 1 1 1), 2005A-10 (42, 144), 
2005B-16(48, 156), 2006B-14(57, 173) 

Systems Of Linear Equations: 2002A-2 (12, 89), 2002A-4 (12, 89), 
2002B-25 (20, 105), 2003B-12 (28, 1 18), 2003B-24 (30, 122), 

2005 A-3 (41, 142), 2006B-3 (55, 171), 2007 A-9 (61, 182), 

2007 A-10 (61, 183), 2007A-20(63, 189) 

Systems Of Nonlinear Equations: 2006A-1 1 (51, 163) 


Sequences and Series: 

Arithmetic Sequences: 2002B-19 (19, 103), 2003B-24(30, 122), 
2004A-18(33, 127), 2004B-10 (37, 133), 2004B-19(39, 137), 
2004B-21 (39, 138), 2005A-17 (43, 146), 2006A-19 (53, 166) 

Arithmetic Series: 2002B-19(19, 103), 2003B-22 (30, 121), 
2004B-10(37, 133), 2006A-9 (51, 162), 2006A-14(52, 164), 
2007B-9(66, 194) 

Geometric Sequences: 2003B-8 (27, 1 17), 2004A-18 (33, 127), 
2004B-3 (36,132) 

Recursively Defined Sequences: 2002A-22 (15, 94), 

2002B-23 (20, 104), 2004A-24(35, 130), 2004B-19(39, 137), 

2005B-1 1 (47, 154), 2006B-18 (58, 175) 

Cyclic Sequences: 2003A-16 (23, 1 10), 2005B-1 1 (47, 154), 
2006B-18(58, 175) 

Triangle Geometry: 

Equilateral Triangles: 2003A-17 (23, 1 10), 2003A-23 (25, 114), 
2004A-20(34, 127), 2005A-12 (43, 144), 2005B-14 (48, 155) 

Isosceles Triangles: 2001-20(10,85), 2005A-20(44, 148), 
2006A-17(53, 165), 2007B-11 (66, 194), 2007B-13 (67, 195), 
2007B-18(67, 196) 

Right Triangles: 2001-20(10,85), 2001-21(10,85), 2001-24(11,86), 
2002A-13 (14, 92), 2002A-23 (15, 95), 2002A-25 (16, 97), 
2002B-17(19, 102), 2002B-22 (20, 104), 2002B-24 (20, 105), 
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2003A-22 (24, 1 13), 2004B-22 (39, 139), 2004B-25 (40, 140), 
2005A-19(44, 147) 

Pythagorean Theorem: 200 1 -24 ( 1 1 , 86), 2002A-23 ( 1 5 , 95), 
2002A-25 (16,97), 2002B-22(20, 104), 2004A-20 (34, 127), 

2004A-22 (35, 129), 2004A-23 (35, 129), 2004B-8 (36, 133), 
2005A-8(42, 143), 2005A-19 (44, 147), 2005B-10 (47, 154), 
2006B-8(56, 172), 2007 A-15 (62, 185), 2007 A-19 (63, 188), 

2007B-1 1 (66, 194), 2007B-18 (67, 196) 

Triangle Area: 2002A-25 (16, 97), 2002B-17 (19, 102), 

2003A-19(23, 111), 2003B-19 (29, 120), 2003B-20 (29, 120), 

2003B-23 (30, 122), 2004A-10 (32, 125), 2004A-20 (34, 127), 
2004B-9(37, 133), 2004B-18 (39, 136), 2004B-20(39, 138), 

2004B-25 (40, 140), 2005A-8 (42, 143), 2005A-20 (44, 148), 

2005A-23 (44, 149), 2005A-25 (45, 150), 2006A-16 (52, 165), 
2006A-17(53, 165), 2006B-15 (57, 174), 2006B-19(58, 176), 

2006B-23 (59, 178), 2006B-24 (59, 179), 2007 A-15 (62, 185), 
2007A-18(63, 187), 2007 A-19 (63, 188), 2007A-24(64, 190), 
2007B-10(66, 194), 2007B-1 1 (66, 194), 2007B-13 (67, 195), 

2007B-21 (68, 197) 

Triangle Perimeter: 2002A-23 (15, 95), 2003A-17 (23, 1 10) 

Triangle Inequality: 2003A-7 (21, 108), 2006B-10(56, 172) 

Common Altitude or Base: 2004B-18 (39, 136) 

Congruent Triangles: 2002A-8 (13,90), 2005 A-8 (42, 143), 

2005A-20 (44, 148), 2005A-25 (45, 150) 

Similar Triangles: 2001-21(10,85), 2002A-13 (14, 92), 

2002A-20 (15, 94), 2002A-25 (16, 97), 2002B-22 (20, 104), 
2003A-22(24, 113), 2003B-20 (29, 120), 2004B-18 (39, 136), 
2004B-20(39, 138), 2004B-24 (40, 140), 2005A-23 (44, 149), 
2005B-7(46, 153), 2006A-16(52, 165), 2006B-23 (59, 178), 

2007 A-18 (63, 187), 2007B-21 (68, 197) 

Dimensional Proportionality: 2002A-25 (16, 97), 2002B-22 (20, 104), 
2004B-20(39, 138), 2005A-23 (44, 149), 2005A-25 (45, 150), 
2005B-14(48, 155), 2006B-23 (59, 178), 2007 A-18 (63, 187) 

Angle Bisector Theorem: 2004B-24 (40, 140) 
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30 - 60 - 90 °: 2005B-14(48, 155), 2006B-10(56, 172), 

2006B-14(57, 173) 

Circle Geometry: 

Circumference: 2002A-7 (13, 90), 2002B-18 (19, 102), 

2006B-6(56, 172) 

Arc Length: 2002B-24(20, 105) 

Circle Area: 2002A-5 (12, 89), 2002A-7 (13, 90), 2002A-19 (14, 94), 
2002B-5 (17,99), 2003A-17 (23, 110), 2003A-19(23, 111), 
2003B-19(29, 120), 2004B-9 (37, 133), 2004B-12(37, 134), 

2004B-25 (40, 140), 2005B-7 (46, 153), 2005B-8 (47, 153), 
2006B-4(55, 171), 2006B-8 (56, 172), 2007A-15 (62, 185), 

2007B-1 1(66, 194) 

Sector Area: 2001-17(9,84), 2002A-19(14,94), 2003A-19(23, 111), 
2003B-19 (29, 120), 2004A-21 (35, 128), 2004B-25 (40, 140), 
2005A-12(43, 144), 2006A-12 (51, 163), 2006B-19 (58, 176), 

2007 A-24 (64, 190), 2007B-13(67, 195) 

Annulus Area: 2004B-12(37, 134), 2006B-4(55, 171) 

Tangent Lines: 2004A-23 (35, 129) 

Common Tangent Lines: 2004A-20 (34, 127), 2004B-16 (38, 135), 
2006B-24(59, 179) 

Central Angle Theorem: 2004B-24 (40, 140) 

Circumscribed About Triangle: 2003A-17 (23, 1 10), 

2004B-22(39, 139), 2005A-23 (44, 149), 2006A-16 (52, 165), 

2007B-1 1(66, 194) 

Inscribed in a Triangle: 2004B-22 (39, 139) 

Isosceles Triangles: 2007B-1 1 (66, 194) 

Pythagorean Theorem: 2006B-8 (56, 172) 

Triangle Area: 2006B-19 (58, 176) 

Square Area: 2006B-8 (56, 172) 

Symmetry: 2004B-16 (38, 135) 
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Quadrilateral Geometry: 

Square Area: 2002A-8 (13, 90), 2005 A-8 (42, 143), 2005B-8 (47, 153), 
2006B-8 (56, 172), 2007 A-15 (62, 185) 

Rectangle Area: 2003B-4 (26, 1 16), 2005A-4 (41, 142), 

2006A-7(50, 162), 2006B-5 (55, 171), 2007A-24(64, 190) 

Rhombus Area: 2006A-17 (53, 165), 2006B-15 (57, 174) 

Parallelogram: 2001-15(8,83), 2004A-19 (34, 127), 

2006A-17(53, 165) 

Trapezoid: 2001-24(11,86), 2002A-25 (16,97), 2004B-18 (39, 136), 
2005B-23 (49, 158) 

Sum of Angles: 2007B-15 (67, 196) 

Dimensional Proportionality: 2005B-23 (49, 158) 

Quadrilateral Area: 2006B-23(59, 178) 

Trapezoidal Area: 2005B-23 (49, 158), 2007 A-18 (63, 187) 

Polygon Geometry: 

Hexagon: 2002 A- 1 9 ( 1 4, 94) 

Octagon: 2001-20(10,85), 2002B-17 (19, 102), 2005A-20 (44, 148), 
2006B-24(59, 179) 

Triangulation: 2003B-23 (30, 122) 

Symmetry: 2001-18(9,84) 


Coordinate Geometry: 

Distance Formula: 2004A-4(31, 124), 2004B-22(39, 139), 
2006B-20(58, 176) 

Distance From Point to Line: 2007B-10 (66, 194) 
Midpoint Formula: 2004A-4(31, 124), 2004B-22(39, 139) 
Equations of Circles: 2007B-13 (67, 195) 
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Symmetry: 2006A-8 (51, 162) 

Slope: 2003A-22(24, 113), 2003B-11 (28, 118), 2006B-20(58, 176) 
Slope-Intercept Form: 2006B-12(57, 173) 

Right Triangles: 2003A-22 (24, 1 13) 

Parabolas: 2006A-8 (51, 162) 


Solid Geometry: 

Cube: 2002A-18 (14,93), 2003A-10(22, 108), 2005A-11 (42, 144) 
Box Volume: 2007A-2(60, 181), 2007 A-3 (60, 181) 

Box Surface Area: 2005 A- 1 1 (42, 144) 

Cylinder: 2001-21(10,85) 

Cone: 2001-17(9,84), 2001-21(10,85) 

Cone Volume: 2003B-17 (29, 119) 

Sphere Volume: 2003B-17 (29, 1 19) 

Tangent Spheres: 2004A-25 (35, 130) 

Pyramid Volume: 2006A-24(54, 167), 2007B-23 (69, 198) 

Ratios: 2003B-17(29, 119) 

Octahedron Volume: 2006A-24(54, 167) 

Counting: 

Combinations: 2001-19(10,85), 2003A-21 (24, 112), 

2003B-16(28, 119), 2004A-12 (32, 126), 2004A-13 (33, 126), 
2005A-9(42, 143), 2005A-14 (43, 145), 2005B-21 (49, 157), 

2007 A-12 (61, 184), 2007B-20(68, 197) 

Permutations: 2003B-10(27, 117), 2005 A-9 (42, 143), 
2006A-18(53, 165) 

Inclusion-Exclusion Principle: 2001-25 (1 1, 87), 2004B-2 (36, 132), 
2004B-21 (39, 138), 2005A-21 (44, 148), 2005B-13 (47, 155), 
2006A-21 (53, 166), 2007 A-12 (61, 184) 
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Floor Function: 2001-25 (1 1, 87), 2003A-25 (25, 1 14), 

2003B-7 (27, 1 17), 2005A-21 (44, 148) 

Partitions: 2001-19(10,85), 2003A-21 (24, 1 12), 2003B-15 (28, 1 19) 
Factorials: 2004B-4(36, 132) 

Recursively Defined Sequences: 2001-11(8,82), 2002B-9 (18, 100), 
2003A-23(25, 114), 2004A-7 (32, 125), 2004A-16 (33, 127) 

Pigeon Hole: 2005B-25 (49, 159), 2006A-20(53, 166) 

Discrete Probability: 

Combinations: 2004A-5 (31, 124), 2004B-23 (40, 139), 

2005A-9 (42, 143), 2005B-15 (48, 155), 2005B-18 (48, 156), 

2006B-21 (58, 177) 

Permutations: 2005A-9 (42, 143), 2005A-18 (43, 147), 

2005B-18(48, 156), 2006A-25 (54, 169), 2006B-21 (58, 177) 

Independent Events: 2001-23(11,86), 2002A-24 (16, 95), 
2003A-8(22, 108), 2003B-21 (30, 121), 2004A-10 (32, 125), 

2004B-1 1(37, 134), 2004B-14 (38, 134), 2005B-9 (47, 153), 
2005B-12(47, 154), 2006A-13 (51, 163), 2006B-17 (57, 175), 
2007A-16(62, 186), 2007B-19 (68, 197), 2007B-22(68, 198) 

Conditional Probability: 2005A-18 (43, 147), 2006B-17 (57, 175) 

Floor Function: 2003A-15 (23, 109) 

Ratios: 2003A-20(24, 111) 

Proportional to Area: 2003A-12 (22, 109) 


Statistics: 

Mean: 2001-1(6,80), 2001-16(9,83), 2002A-9(13,90), 
2002A-21 (15,94), 2002B-3 (17, 99), 2002B-25 (20, 105), 
2005A-6(41, 143), 2005B-19 (48, 156), 2005B-20 (49, 157), 
2007 A-l 1(61, 183) 

Median: 2001-1(6,80), 2001-16(9,83), 2002A-21 (15,94), 
2005B-19 (48, 156), 2006A-9(51, 162) 
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Mode: 2002A-21 (15,94) 
Range: 2002 A-21 (15,94) 


Number Theory: 

Number of Divisors: 2005A-21 (44, 148), 2005B-22 (49, 158) 

Modular Arithmetic: 2001-8(7,81), 2006B-16 (57, 174) 

Number Bases: 2003A-20 (24, 1 1 1) 

Integer Factors: 2001-14(8,82), 2002B-16 (19, 101), 

2004A-14(33, 126), 2005A-14(43, 145), 2006B-23 (59, 178), 

2006B-25 (59, 179) 

Integer Solutions: 2001-12(8,82), 2001-14(8,82), 2002A-15 (14, 92), 
2002A-18 (14, 93), 2003A-8 (22, 108), 2003A-25 (25, 1 14), 
2003B-16(28, 119), 2003B-22(30, 121), 2004B-17 (38, 136), 
2006A-19(53, 166), 2006A-22(54, 166), 2006B-10 (56, 172), 
2006B-16(57, 174), 2007 A- 1 1 (61, 183), 2007A-17 (62, 186), 
2007A-23(64, 189), 2007B-8 (66, 193), 2007B-12(67, 195), 

2007B-25 (69, 199) 

Rational Solutions: 2007B-25 (69, 199) 

Prime Numbers and Factors: 2002A-14(14, 92), 2002A-15 (14, 92), 
2002B-6(18,99), 2002B-15 (19, 101), 2003A-14 (23, 109), 
2003B-15(28, 119), 2005A-15 (43, 145), 2005A-24 (44, 149), 
2005B-12(47, 154), 2005B-22 (49, 158), 2007 A-17 (62, 186), 

2007 A-22 (63,189) 

Character of Digits: 2001-6(7,81), 2001-13(8,82), 

2003A-11(22, 108), 2003A-16 (23, 1 10), 2003B-13 (28, 1 18), 
2003B-14(28, 118), 2003B-25 (30, 122), 2004B-13 (37, 134), 
2004B-17(38, 136), 2005A-14(43, 145), 2005A-16 (43, 145), 
2005B-24(49, 159), 2006A-4 (50, 161), 2006A-22 (54, 166), 

2006B-1 1 (56, 172), 2006B-25 (59, 179), 2007 A-25 (64, 190), 
2007B-24(69, 198) 

Remainders: 2002B-8 (18, 100), 2003B-25 (30, 122), 

2007 A-22 (63, 189) 

Factorials: 2004B-4(36, 132), 2004B-6 (36, 133), 2005A-15 (43, 145), 
2006B-1 1(56, 172) 
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Perfect Squares: 2004B-6(36, 133) 
lcm: 2004B-21 (39, 138) 
gcd: 2003B-18(29, 119) 

Logic: 

2001-4(6,80), 2001-5(7,81), 2003A-24(25, 114), 2003B-15 (28, 119), 
2004A-14 (33, 126), 2004B-5 (36, 132), 2004B-13 (37, 134), 

2004B-15 (38, 134), 2007B-5 (65, 193) 



About the Editors 


J. Douglas Faires received his BS in mathematics from Youngstown State 
University in 1963, and earned his PhD in mathematics from the University of 
South Carolina in 1970. He has been a Professor at Youngstown State Univer- 
sity since 1980, and has been actively involved in the MAA for many years. For 
example, he was Chair of the Ohio Section in 1981-1982 and Governor from 
1997-2000. He is currently a member of the MAA’s Undergraduate Research 
and Undergraduate Student Activities Committees and he was the National 
Director of the AMC 10 Competition of the American Mathematics Competi- 
tions until 2007. 

Faires is a past President of Pi Mu Epsilon and he was a member of their 
Council for many years. Faires has been the recipient of many awards and 
honors. He was named the Outstanding College-University Teacher of Math- 
ematics by the Ohio Section of the MAA in 1996; he has also received five 
Distinguished Professorship awards from Youngstown State University, and 
an honorary Doctorate of Science Degree in May 2006. Faires has authored 
and coauthored numerous books including Numerical Analysis (now in its 
eight edition!), Numerical Methods (third edition), PreCalculus (fourth edi- 
tion), and First Steps for Math Olympians, a book in the MAA Problem Book 
Series. 


David Wells received a PhD in mathematics from the University of Pittsburgh 
in 1973. He taught at Ohio Dominican University for six years and has been at 
the New Kensington campus of Penn State University since 1979. During his 
career at Penn State he has received both the Teresa Cohen Service Award from 
the Department of Mathematics and the Excellence in Teaching Award from 
the New Kensington Campus. He has been a member of the MAA since 1974, 
holding several sectional and national positions during that time. He served 
as Governor of the Allegheny Mountain Section from 1996 to 1999 and has 


211 



212 


The Contest Problem Book VIII 


recently been appointed as Chair of the MAA Committee on the American 
Mathematics Competitions. He has chaired the AMC 12 Contest Committee 
since 2001. Dr. Wells received the Meritorious Service Award from the Al- 
legheny Mountain Section of the MAA in 2005. His non-mathematical inter- 
ests include hiking and songwriting. 



